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Chapter 1 

Isometries of the Plane 



"For geometry, you know, is the gate of science, and the gate is 
so low and small that one can only enter it as a little child. " (W. 
K. Clifford) 

The focus of this first chapter is the 2-dimensional real plane R^, in which 
a point P can be described by its coordinates: 

P e P = (x, y), X e R, y e R. 

Alternatively, we can describe P as a complex number by writing 

P = (x, y) = X + iy e C. 

The plane M? comes with a usual distance. If Pi = (xi,yi), P2 = (2:2, ^2) £ 
R^ are two points in the plane, then 

d{PuP2) = A/(x2-Xi)2 + (y2-yi)2. 

Note that this is consistent with the complex notation. For P = x + iy e C, 
recall that |P| = a/x^ thus for two complex points Pi = 

xi + iyi, P2 = ^2 + iy2 e C, we have 

d(Pi,P2) = |P2-Pi| = V^(P2-Pi)(P2-AT 

= \{.X2 - xi) + i{y2 - yi)| = V {x2 - + (y2 - ViY, 

where ( ) denotes the complex conjugation, i.e. x + iy = x ~ iy. 

We are now interested in planar transformations (that is, maps from R^ 
to R^) that preserve distances. 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



A point P in the plane is a pair of real numbers P=(x,y). 
d(0,P)2= x2+y2- 

A point P=(x,y) in the plane can be seen as a complex number 
x+iy. 

|x+iy|2= x2+y2. 




Plcmar iKnnetrCe^ 



An isometry of the plane is a transformation f of the plane 
that keeps distances unchanged, namely 

cl(f(Pi),f(P2)) = d(P„P2) 

for any pair of points P^Pj- 



■An isometry can be defined more generally than on a plane! 
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Definition 1. A map (p from M? to which preserves the distance between 
points is called a planar isometry. We write that 

d{ip{P^),ip{P2)) = d{P^,P2) 

for any two points Pi and P2 in M?. 

What are examples of such planar isometrics? 

1. Of course, the most simple example is the identity map! Formally, we 
write 

for every point P = {x,y) in the plane. 

2. We have the reflection with respect to the x-axis: 

{x,y) ^ i-x,y). 

3. Similarly, the reflection can be done with respect to the y-axis: 

{x,y) ^ (x, -y). 

4. Another example that easily comes to mind is a rotation. 

Let us recall how a rotation is defined. A rotation counterclockwise 
through an angle 6 about the origin (0,0) G is given by 

{x,y) I— i- (xcos^^ — y sin6',xsin^^ + ycos9). 

This can be seen using complex numbers. We have that |e*^| = 1, for G M, 
thus 

\{x + iy)e^^\ = \x + iy\ 
and multiplying by e*^ does not change the length of (x, y). Now 

{x + iy)e^^ = (x + iy){cos9 + isinO) 

= {xcosO — ysinO) + i{xsm9 + ycos9) 

which is exactly the point {x cos 6 — y sin 6, x sin 6 + y cos 6). 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



E>6a/mple^ of iKrmetrie^f' 



• The identity map: (x,y) -> (x,y) 

• IVIirror reflection w/r to the x-axis: (x,y) (x,-y) 

• IVIirror reflection w/r to the y-axis : (x,y) (-x,y) 



:etJ by Kovio. 



Uotatixyvx/ 

We also have a counterclockwise rotation of angle 6: 
(X/V) ^ (x cos0-y sinB, x sinB+y cosG) 
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In matrix notation, a rotation counterclockwise through an angle 6 about 
the origin (0,0) G maps a point P — {x,y) to P' = {x',y'), where P' — 
{x', y') is given by 



x' ' 




cos 9 


— sin 6 




X 


y' 




sin 6 


cos 9 




y 



(1.1) 



We denote the rotation matrix by Rg: 

_ cos 9 — sin 
sin 9 cos 9 

Intuitively, we know that a rotation preserve distances. However, as a 
warm-up, let us prove that formally. We will give two proofs: one in the 
2-dimensional real plane, and one using the complex plane. 



First proof. Suppose we have two points Pi = {xi,yi), P2 = (.X2,|/2) G 
Let d{Pi,P2) be the distance from Pi to P2, so that the square distance 
d{Pi,P2y can be written as 

d{Pi,P2f = {x2-xif + {y2-yif 

X2 - Xi 



{x2-xi,y2 -yi) 



y2-yi 



X2 




Xi 


)'( 


X2 




Xi 


y2 




yi 




y2 




yi 



where ()^ denotes the transpose of a matrix. 

Now we map two points Pi, P2 to P[ and Pg via (1.1) 



I.e. 



x'i 









cos 9 


— sin 9 




Xi 


— Re 


Xi 


sva.9 


cos 9 




yi 


yi 



1,2. 



Hence we have 



X2 




x\ 


^Re{^ 


X2 




Xl 


.y'2. 




.y'l. 




. y^ . 




. y^ . 



and 



d{P[,P^ 



/\2 



X2 






n 


X2 






y'2 




y\ 




y'2 




y', 

















X2 




Xl 


^ RjRg ^ 


X2 




Xl 


y2 . 




. y^ . 




. y^ . 




. y^ . 
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If (x,y) is rotated counter-clockwise to get (x',y'), then 

x' 1 r cose -sine ] r X ] \ 

y' J ^ L sine cose J Ly J 



Note: rotation around 
the origin! 



where the rotation is written in matrix form. 



cos*' sin'Jtf 



= 00 



Matrix transformation by xl<cd 



II 

(Xi.Yi) 



Pi' ■ 

II 

(X2,y2) rotate (xiW/) 

? 



P ' 



(x^W/) 




d(P/,P/)2 
II 



rx^-x^r R R rx^-xi] r x/ x/y rx/ x i 
Ly2-yiJ Ly2-yiJ = L y2' -yi'J Ly2'- y/J 



R = rotation matrix we saw on the previous slide 
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But 



COS 9 sin 9 
— sin 9 cos 9 



cos ^ — sin ^ 
sin 9 cos ^ 





"10" 




1 



which estabhshes that d{Pi, P^) = d{Pi, Pa)- 



Second proof. Let Pi — xi + iyi, P2 — X2 + iy2 be two points in C, with 
distance 



d{Pi,P2) = IP2-P1I = V(^2-Pl)(P2-Pl). 

Since a rotation of angle 9 about the origin is represented by a multiphcation 
by e*^, we have 

d{P[,P^) = \Pi-P[\^\e''P2-e''Pi\^\e'%P2-Pi)\ 
= \e''\\P2-Pi\^\P2-Pi\^d{Pi,P2). 



An arbitrary planar transformation maps P = {x, y) to P' = {(p{x, y),ip{x, y)), 
or in complex notation, P = x + iy to P' = ip{x, y) + iipi^x, y) = H{P). 

We are interested in special planar transformations, those which preserve 
distances, called isometrics. We gave a few examples of planar isometrics, 
we will next completely classify them. 

To do so, we will work with the complex plane, and write an isometry as 
H{z), z e C, such that 

\zi-Z2\^\H{zi)-H{z2)\. 

We shall show that 

Theorem 1. // \H(zi) — H{z2)\ = \zi — Z2\ , for all Zi, Z2 E C, then H{z) — 
az + /3 or H{z) = az + (5 with \z\ = 1, i.e. a = e*^ for some 9. 

The theorem says that any function that preserves distances in must 
be of the form 



x' 




cos 9 — sin 9 x 


+ 


y' 




sin 9 cos 9 y 






cos 9 


- sin ^ 1 r 1 " 


X 




sin^ 


cos^ J [ -1 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



p p ^ — p ' p ' 



II 



II II II II 

X^+iy^ X2+iy2 rotate x/+iy/ X2'+iy2' 

? 

d(Pi,P2) = d(p;,P2') 



II 



IP2-P1I = |eeiP2-e6'Pj 

II 

le^'l IP2-P1I 



Clo^^t/Lcotum/ of Ihometrie^ of the^ planer 

• Consider an arbitrary planar transformation map H, which 
maps a point P=x+iy to H(P). 

• We are interested in classifying the maps H which are 
isometries, that is maps H satisfying | H(z^)-H(z2) | = | z^-Z2 1 . 
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Notice what we recognize the reflections with respect to both the x- and 
y-axis, rotations around the origin, as well as translations. 

In order to prove the theorem, we need the following cute lemma. 

Lemma 1. An isometry which m,aps (0, 0) to (0, 0), (1,0) to (1,0), and (0, 1) 
to (0, 1), i.e. (t) to e C, 1 to 1 e C, and i to i & C) must be the identity 
map (x, y) — )■ {x, y). 

Proof. The proof is done by identifying M? with the complex plane. Let h{z) 
be a planar isometry satisfying the assumptions of the lemma, in particular, 

h{z) satisfies 

\h{zi) — h{z2)\ = \zi — Z2\ ^zi, Z2 e C. 

We then have 

\h{z)-h{Q)\ = |^-0|, 

also 

\h{z)-h{Q)\ = IM-^) -o| 

by assumption that /i(0) — 0, thus 

\h{z) - /i(0)| = \h{z) - 0| = 1^ - 0|. 

Using the fact that 



we similarly get 



h{l) = 1, h{i) = i, 

\h{z)-Q\ = \h{z)\ = \z-0\ = \h\ 
\h{z)-h{l)\ = \h{z)-l\ = \z-l\ 
\h{z) — h{i)\ = \h{z) — i\ = \z — i\ . 



This shows that 



h{z)h{z) — zz 



{h{z) - i mz)-i) ^{z- i ){z-i ) 

{h{z) - i){h{z) -i)^{z- i){z - i). 
We now multiply out 



{h{z)-l){h{z) - 1) = h{z)h{z)-h{z)-h{z)+l = {z-l){z - 1) = zz-z-z+l, 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



A LeA^mxA/ (I) 



Lemma An isometry which maps to 0, 1 to 1 and i to i must be_ 
the identity map. 



Proof 

Let H be an isometry: | H(Z]^)-H(z2) | ^= | z^^-Zj | ^ for every z^ Zj. 
By assumption H(0)=0, H(l)=l, H(i)=i. 



1) 77 = I z 1 2 = I H(z)-H(0) 1 2 = I H(z) 1 2 = H(z)H(z) 

^ — TT- CT^HUH^ 

C H isometry ^ >>- ^' ' - — ^ 

2) (z-l)(z-l)= I z- ^^^TH(^HH (1) P = I H(z)- 1 1 ^= (u(j.)-\)mi)^\) 

3) (z-0(^^) = I z-i 1 2= I H(z)-H(i) 1 2= | H(z)-i | ^ ={H{z)-i)(H(z)-i) 



A Lemma/ (II) 

Proof (next) 

from 2) -.HizWiz) -H(z)-;7(^ +1 - z- ~z +1 ^ H(z)+h(z)=z+ z 
From 3) : h(z)H{z) +\U{z)-\h{z) +1= zz +zi-i z+1 ^ H(z)- h(z) =z-~z 

We sum the last two equations to get H(z)=z. 

QED 

A point P which is fixed by a transformation f of the plane , 
that is a point such that f(P)=P is called a fixed point. 
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which can be simphfied using that h{z)h{z) = zz, and similarly multiply- 
ing out {h{z) — i){h{z) — i) = {z — i){z — i), we obtain 



h{z) + h{z) 



z + z 
z — z. 



□ 



h{z)-h{z) 

By summing both equations, we conclude that h{z) = z. 

In words, we have shown that if h{z) has the same distances to 0, l,i as 
z then h{z) and z must be the same. This technique of looking at points 
which are fixed by a given planar transformation is useful and we will see it 
again later. It is thus worth giving a name to these special fixed points. 

Definition 2. Let be a planar transformation. Then a point P in the 
plane such that f{P) = P is called a fixed point of (f. 

We are now ready to classify planar isometrics, that is to prove Theorem 1. 
Proof. Given H{z), an isometry : C — > C, define 

(3 = HiO), 

a = H{1)-H{0) 



\H{1)-H 



11 -01 



!)• 



Now consider a new function 



a-\H{z) - 13). 



H{1) - H{0) 

Note the denominator is non-zero! Claim: K{z) is also an isometry. Indeed, 
for every z,w G C, we have 

\K(z)-K(w)\ = 



Hiz) - (3 Hiw) - (3 



a 

Hiz) -Hiw) 



a 



a 



= \Hiz)-Hiw) 



\H{z)-H{w) 



\a\ 



Now 



^(0) 
Kil) 



g(o)-g(o) 

Hil)~HiO) 
H{l)-HiO) 
H{1)-H{0) 



1. 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



HcU^UeMM (I) 

theorem An isometry H of the complex plane is necessarily of 
the form 

i • H(z)=az + p, or 

' • H(z)=az + p 

with |a|=land some complex number |3 
Proof Given H an isometry, define 

■ p=H(0) 

■ a=H(l)-H(0) 
Note that | a | = | H(i)- Hm^l = L X-n | =i as stated. 




Theorem statement claims 
a|=l, needs a check! 



H isometry 



McuA^Kemlt (11) 



Consider a new function K(z)=(H(z)-H(0))/(H(l)-H(0)) 



P=H{0), a=H(l)-H(0) 



We have K(z)=a-i(H(z)-P) 



K(z) is an isometry: 



Ia|=l 



H isometry 



|K(z)-K(w)| = I a M |(H(z)-P)-(H(w)-P)| = | H(z)-H(w) | = | z-w | 
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Then 

\K{i}\ = \i\ = l 
\K{i)~-l\ = \i-l\ = V2. 

These two equations teU us that K{i) is either i or —i. This can be seen from 
a geometric point of view, by noticing that K{i) is both on the unit circle 
around the origin and on a circle of radius \/2 around 1. Alternatively, 
multiplying out {K{i) — l){K{i) — 1) — 2 and simphfying the expression 
obtained with K{i)K{i) = 1 leads to the same conclusion. 
U K{i) — i, then by Lemma 1, we have that 

K{z) = H{z) = az + p. 

If instead K{i) — —i, then K{z) is an isometry that fixes 0, 1, i hence 

K(z) ^z^ K{z) = z,yze C, 

and in this case 

H{z) = az + /3. 

□ 

Let us stare at the statement of the theorem we just proved for a little bit. 
It says that every planar isometry has a particular form, and we can recognize 
some of the planar isometrics that come to our mind (rotations around the 
origin, refiections around either the x- and y-axis, translations,...). But then, 
since we cannot think of other transformations, does it mean that no other 
exists? One can in fact prove the following: 

Theorem 2. Any planar isometry is either 

1. a pure translation, 

2. a pure rotation about some center Zq, 

3. a reflection about a general line, 

4- a glide reflection (that is, a reflection followed by a translation). 
We will come back to this theorem later! (in Chapter 6.) 
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HcuAvUeMAlt (111) 



I P=H(0) 



K(0)=a-MH(0)-P)=0 

[ p=H(0 ), a=H(l)-H(0) 



K(l)=a-i(H(l)-P)=l 
K(i) =? 



K isometry 



We know:|K(i)| = |i|=l 




[ KJ sometry 



• We also know | K(i)-1 1 = | i-1 1 =V2 
I ^ K(i)=ior-i. 



• If K(i)=i, then by the previous lemma, we know that K(z)=z. 

• K(z)=a-i(H(z)-P)=z — ► H(z)=az+P 

• If K(i)=-i, then ^ = /, ^ = 1,^ = 

• Also I Kiz) - K(w) 1=1 K(z) - K(w) 1=1 z - w I 

• Again by the previous lemma, we know that k(z) = z 

• Equivalently : K(z)= z 
. K(z)=a-MH(z)-P)= z 

H(z)=az +p. 



QED 
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Next we shall show an easy consequence. 
Theorem 3. Any planar isometry is invertible. 

Proof. We check by direct computation that both possible formulas for isome- 
trics, namely 

H{z) ^az + p and H{z) ^az + p, a = e'^, p eC 

are invertible. If z' — H{z) — az + /3, then 

z = H-\z')^^^^e-'\z' -13). 
a 

If instead z' — H{z) — az + /3, then 

z ^ ^ e-'\z' - /3) 

a 

and 

z = H-\z') = ^(F-P). 

□ 

Remark. It is important to note that we have shown that a planar isometry 
is a bijective map. In general, one can define an isometry, but if it is not 
planar (that is, not from to M^), then the definition of isometry usually 
includes the requirement that the map is bijective by definition. Namely a 
general isometry is a bijective map which preserves distances. 

We now show that we can compose isometrics, i.e. apply them one after 
the other, and that the result of this combination will yield another isometry, 
i.e., if Hi and H2 are two isometrics then so is H2H1. 

Here are two ways of doing so. 

First proof. We can use the definition of planar isometry. We want show 
that H2H1 is an isometry. We know that 

\H2{Hi{z)) - H2{Hi{w))\ = \Hi{z) - Hi{w)\, 

because H2 is an isometry, and furthermore 

\Hi(z)-Hi(w)\^\z-w\, 

this time because Hi is an isometry. Thus 

\H2{Hi{z)) - H2{Hi{w))\ = \z-w\, 
for any z,w G C which completes the proof. 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



Corollary 



Corollary Any planar isometry is invertible. 

Proof We know by the theorem: every isometry H is of the form 

• H(z)= az + p, or 

• H(z)=ai + p. 

Let us compute H"^ in the first case. 

• Define H-i(y)=(y-P)a"^ 

• Check! H(H-i(y))=H((y-P)a-i)=y. 

• Other case is done similarly! 

QED 



ComhiATw^ Ihometrve^f' 

The composition of two isometries is again an isometry! 

Let H and F be two isometries, then F(H(z)) is the composition 
of F and H. 

We have | F(H(z))-F(H(w)) | = | H(z)-H(w) | = | z-w | . 

j^sometry J ^ isometrj 
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Second proof. Alternatively, since Hi,H2 both have two types (we know 
that thanks to Theorem 1), there are 4 cases to be verified. 

1. H2{Hi{z)) = a2{aiz + +^2^ (aaai)^ + (as/^i + ^2), 

2. H2{Hi{z)) = a2{aiz + + P2 = {a2ai)z + (aaA + /32), 

3. H2iHi{z)) = a2iaTz + /3~i) + ^2 = (a^2ai)z + (^2^ + /32), 

4. H2{Hi{z)) = Q;2(al^ + i^^) + /32 = (Qi2al)-2 + {oi2Wi + 

In every case, we notice that H2H1 is either of the form a'z+P', or of the form 
a'z + f3', which shows that H1H2 is an isometry. Indeed, if H{z) = a'z + /3', 
then \H{z) — H{y)\ = \a'\\z — y\ = \z — y\ (and similarly for — a'z+P'). 
Note that isometrics do not commute in general, that is 

H2{H^{z)) ^ H,{H2{z)) 

since for example q;2/5i + /32 7^ (^1^2 + Pi- 
But we do have associativity, i.e. 

Hs{H2{H,{z))) = {HsH2){Hi{z)) = Hs{H2H^{z)). 

We also see that the identity map 1 : 2; 1(2;) = 2; is an isometry, and when 
any planar isometry H is composed with its inverse, we obtain as a result 
the identity map 1: 

H{H-\z)) = l(^) 
H-\H{z)) = l{z). 

What we have proved in fact is that planar isometrics form a set of maps 
which, together with the natural composition of maps, have the following 
properties: 

1. associativity, 

2. existence of an identity map (that is a map 1 such that when combined 
with any other planar isometry H does not change H: H{l{z)) — 
l{H{z))^z), 

3. inverse for each map. 

As we shall see later, this proves that the set of isometrics together with 
the associative binary operation of composition of isometrics is a group. 
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CHAPTER 1. ISOMETRIES OF THE PLANE 



Exercises for Chapter 1 

Exercise 1. Let X be a metric space equipped witli a distance d. Show that 
an isometry of X (with respect to the distance d) is always an injective map. 

Exercise 2. Recall the general formula that describes isometrics H of the 
complex plane. If a planar isometry H has only one fixed point which is 1 + 

and H sends 1 — i to 3 + i, then H{z) = . 

Guided version. 

1. Recall the general formula that describes isometrics H of the complex 
plane. We saw that an isometry of the complex plane can take two 
forms, either H{z) = . . ., or H{z) = . . . 

2. You should have managed to find the two formulas, because they are 
in the lecture notes! Now you need to use the assumptions given. First 
of all, we know that H has only one fixed point, which is 1 + Write 
in formulas what it means that 1 + i is a fixed point of H (write it for 
both formulas). 

3. Now you must have got one equation from the previous step. Use the 
next assumption, namely write in formulas what it means that H sends 
1 — z to 3 + i, this should give you a second equation. 

4. If all went fine so far, you must be having two equations, with two 
unknowns, so you are left to solve this system! 

5. Once the system is solved, do not forget to check with the original 
question to make sure your answer is right! 

Exercise 3. Recall the general formula that describes isometrics H of the 
complex plane. If a planar isometry H fixes the line y = x + 1 (identifying the 
complex plane with the 2-dimensional real plane), then H{z) = . 

Exercise 4. Show that an isometry of the complex plane that fixes three 
non-colinear points must be the identity map. 

Exercise 5. In this exercise, we study the fixed points of planar isometrics. 
Recall that a planar isometry is of the form H{z) = az + (3, H{z) = az + (3, 
\a\ = 1. Determine the fixed points of these transformations in the different 
cases that arise: 



23 

1. if H{z) — az + P and a — 1, 

2. if H{z) = az + (3 and a ^ 1 

3. if H{z) = az + P and a = 1, further distinguish /3 = and /3 ^ 0, 

4. if H{z) — az + f3 and a 7^ 1, further distinguish /3 — and /? 7^ 0. 
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Chapter 2 

Symmetries of Shapes 



"Symmetries delight, please and tease !" (A.M. Bruckstein) 

In the previous chapter, we studied planar isometries, that is maps from 
to that are preserving distances. In this chapter, we will focus on 

different sets of points in the real plane, and see which planar isometries are 

preserving them. 

We are motivated by trying to get a mathematical formulation of what 
is a "nice" regular geometric structure. Intuitively we know of course! We 
will see throughout this lecture that symmetries explain mathematically the 
geometric properties of figures that we like. 

Definition 3. A symmetry of a set of points S in the plane is a planar 
isometry that preserves S (that is, that maps S to itself). 

Note that "symmetries" also appear with letters and numbers! For ex- 
ample, the phrase 

NEVER ODD OR EVEN 

reads the same backwards! It is called a palindrome. 

The same holds for the number 11311 which happens to be a prime num- 
ber, called a palindromic prime. 

Palindromes can be seen as a conceptual mirror reflection with respect to 
the vertical axis, which sends a word to itself. 
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What iy ^ructure^? 

One intuitively knows ... 

that this is structured... and this is random. 




Sywunetvy 



A symmetry of a set of points S is a planar isometry that 
preserves the set S (that is, that maps S to itself). 



Among planar isometries, which can be symmetries of finite sets? 

• Trans l ations 

• Rotations 

• Reflections 

• The identity map! 

• Combinations of the above 
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Recall from Theorem 2 that we know all the possible planar isometries, 
and wc know the composition of planar isometries is another planar isometry! 
All the sets of points that we will consider are finite sets of points centered 
around the origin, thus we obtain the following list of possible symmetries: 

• the trivial identity map 1 : {x,y) h- )■ {x,y), 

• the mirror reflections : {x,y) i— )■ (— : {x,y) i— )■ {—x,y) 
with respect to the |/-axis, respectively x-axis, and in fact any reflection 
around a line passing through the origin, 

• the rotation r^^ about counterclockwise by an angle u) 

X 

y . 

= {xcoscu — ysmuj,xsmu! + ycosu) . 

Translations are never possible! Consider first the set of points 

^ = {(a,0),(-a,0)} 
(shown below) and let us ask what are the symmetries of S. 




Clearly the identity map is one, it is a planar isometry and 15" = S. 
The mirror reflection m„ with respect to the y-axis is one as well, since 
rUy is a planar isometry, and 

my{a, 0) = (—a, 0), 'my{—a, 0) = (a, 0) =^ my{S) — S, 

that is S, is invariant under m. Now choosing a; = tt, we have 

r^(x, y) — (xcosTT — y sin TT, X sin TT + y costt) = {—x, —y) , 

and 

r,(a, 0) = (-a, 0), r,(-a, 0) = (a, 0) ^ r,(P) = m„(P) 

for both points P E S, which shows formally that rotating counterclockwise 
these two points by tt about is the same thing as flipping them around the 
y-axis. 



To, : {x, y) ^ 



cos u — sm u 
sin ui cos ui 
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Syvwmetrie4f' of Two- A limned/ Pou^y (I ) 







— • 

(-a,0) 


•— 

(a,0) 



Consider the set of points 

S={(a,0),(-a,0)}. 

What are its symmetries? 

1. The identity map 1 is a 
trivial symmetry of S! 

2. Reflection m^with respect 
to the y-axis 

(a,0)^(-a,OU-a,0)^(a,0) 



SyyvunetrCe^ of Two- Aligned/ Povy\ty (II) 



Have we found all its symmetries? 
YES! 

Combining these symmetries does not give 
a new symmetry! We summarize these 
symmetries using a multiplication table. 





1 


m 


1 


1 


m 


m 


m 


l=m2 
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We have identified that the set S = {(a,0), (— a, 0)} has 2 symmetries. 
These are 1 and m„, or 1 and r,r- We know that planar isometries can be 
composed, which yields another planar isometry. Then symmetries of S can 
be composed as well, and here we might wonder what happens if we were to 
compose m„ with itself: 

my{my{x,y)) = my{-x,y) = {x,y) 

which shows that m^{my{x,y)) = l{x,y). We summarize the symmetries of 
S — {(a, 0), (—a, 0)} using a multiplication table: 





1 


ruy 


1 


1 


ruy 


my 


my 


l^ml 



The multiplication table is read from left (elements in the column) to right 
(elements in the row) using as operation the composition of maps. 

Let us collect what we have done so far. We defined a set of points 
S = {(a, 0), (— a, 0)} and we looked at three transformations l,m„ and 
which leave the set of points of 5' e invariant: 

1S = S 

rriyS = S (2.1) 
r^^S = S 

We saw that for this particular choice of S, we have that r7r(-P) = my{P) for 
both points P E S. 

The transformations are however different if we look at a "test point" 
(a;o, yo) ^ S 

l(a^o,l/o) {xo,yo) 
m{xo,yo) {-xo,yo) 
rn{xo,yo) {-xo, -yo) 

In fact, one may wonder what happens if we choose for S other sets of 
points, for example, different polygons. As our next example, we will look 
at a rectangle S. We write the rectangle S as 

S = {(a, b), i-a, b), {-a, -b), (a, -b)} , a ^ 6, a, M 0. (2.2) 

(It is important that a ^ b\ see (2.3 if a = b).) 



CHAPTER 2. SYMMETRIES OF SHAPES 



Sywivnetrie^ of- dXfferev\t ^rhape^. . . 

• Let us start with geometric objects: 



Symmetries of tHc'Kectoogplc' (I) 

• Let m be the vertical mirror reflection. 

• Let r be a rotation of 180 degrees. 

• Let 1 be the do-nothing symmetry. 

• What is rm? 

a b b a c d 






This is the 
horizontal 



mirror 



c 



d 



reflection! 



31 



Let us apply on S: 

■my{a,b) — {—a,b), my{—a,h) — {a,b), 
rriyl—a, —b) — {a, —b), my{a, —b) — {—a, —b) 

as well as r^^: 

r^{a, b) = (-a, -b), r^{-a, b) = (a, -b), 

r^{-a, -b) = (a, 6), r^{a, -b) = (-a, b). 

These two maps are different and have different effects on S since r^(a, b) = 
{—a,—b) 7^ {—a,b) = m,f,{a,h). We now try to compose them. We already 
have my{my{x,y)) = l{x,y), and 

y)) = r^{-x, -y) = {x, y) = l{x, y). 

We continue with 

(m„(a;, y)) = r^{-x, y) = (x, -y), ruy {r^{x, y)) = m^(-x, -y) = {x, -y) 
which both give a horizontal mirror reflection ruh, also showing that 

TT^my = m^r^ = ruh, 
i.e., the transformations and commute. In turn, we immediately have 

The rules for combining elements from {1, m„, r^^, m^r^} 

rriyl = rriy = Irriy 

TttI — — ITtt 

ml = l 
2 - 1 



m„r. 



show that no new transformations will ever be obtained since we have 



^(oi) _ M mod 2 



(E"0 mod 2 (Eft) mod 2 

' TT '"'V 



Hence we have obtained a complete set of transformations for the shape 5* 
summarized in its multiplication table (we write m = rriy for short): 





1 


m 




mr\ 


1 


1 


m 


r-K 




m 


ni 


1 


mr^r 


r-K 


r-n 




mr\ 


1 


m 


mrTT 






m 


1 
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Symm£trie^ofth£yKe^ci4a^gley (II) 

We thus have identified 4 symmetries: 

• l=the identity map 

• m=vertical mirror reflection 

• r=rotation of 180 degrees 

• rm=horizontal mirror reflection 

Note that 

• m2=l 
. r2=l 

• (rm)2=l 

• rm=mr 



Symmetries of tiK^Kecto^ogplc' (III) 





1 


r 


m 


rm 


1 


1 


r 


m 


rm 


r 


r 


1 


rm 


m 


m 


m 


rm 


1 


r 


rm 


rm 


m 


r 


1 
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We next study the symmetries of a square, that is we consider the set 

>S'4 : {(a, a), (—a, a), (a, — a)(— a, —a)} (2.3) 

(this is the case where a = 6 in (2.2)). 

As for the two previous examples, we first need to see what are all the 
planar isometrics we need to consider. There are four mirror reflections that 
map 5'4 to itself: 

mi = rriy : {x, y) h- )■ {—x, y) with respect to the y-axis 

777.2 '■ {x, y) ^ {y, x) with respect to the line y — x 

TTT'S — TTT-h '■ {x, y) I—)- (x, —y) with respect to the x-axis 

7774 : (x, y) I—)- (—7/, —x) with respect to the line y — —x 

Note that 

mi{mi{x,y)) = l{x,y), i = 1,2,3,4. 
There are also three (counterclockwise) rotations (about the origin 0=(0,0)): 

^7r/2 : (x, y) 1-^ {x cos7r/2 — 7/sin7r/2, xsin7r/2 + y cos 7r/2) = (—7/, x) 

: {x, y) I— )> {x cos tt — 7/ sin tt, a; sin vr + 7/ cos vr) = (—a;, —y) 

'"37r/2 '■ {x,y) 1-^ (a;cos37r/2 — 7/sin37r/2,a;sin37r/2 + 7/cos37r/2) = {y, —x) 

and r27r = 1. Rotations are easy to combine among each others! For example 

r^r = r^/2rTT/2 

and we can give the part of the multiplication table which involves only 
rotations. We summarize all the rotations by picking one rotation r whose 
powers contain the 4 rotations r^, r3^/2, 1. We can choose r = r7r/2 and 
— T^3n/2, though in what follows we will focus on r = r37r/2 = f-n/2, the 
rotation of 90 degrees clockwise, or 270 degrees counterclockwise: 





1 


r 


^2 


^3 


1 


1 


r 


j,2 


^3 


/• 


/• 





I'''' 


1 








1 


r 




^3 


1 


r 
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What are the symmetries of the square? 
There is the trivial symmetry 1. 
There are mirror reflections: 

1. Reflection in mirror ml 

2. Reflection in mirror ml 

3. Reflection in mirror m3 

4. Reflection in mirror m4 
There are rotations: 

1. Rotation of 90 degrees 

2. Rotation of 180 degrees 

3. Rotation of 270 degrees 



Symm^trie^r-offheySquurey (II) 

• Let r = rotation of 90 degrees (clockwise), 270 degrees 
(counterclockwise) 

• Let m denote the horizontal mirror reflection (m=m3). 

• Let 1 be the identity map. 

Let us first look at rotations: 
r^ = rotation of 180 degrees 
r^= rotation of 270 degrees 
r^= rotation of 360 degrees = 1. 

We now look at the mirror reflection m: 
m2=l. 

(this is true for every mirror reflection I) 
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Let us try to compose mirror reflections with rotations. For that, we pick 
first 

m = mh: {x, y) ^-^ (x, -y), r = rg^/s : (x, y) ^ {y, -x), 

and compute what is rm and mr (you can choose to do the computations 
with another reflection instead of ruh, or with r = r7r/2 instead of r = r 3-^/2.) 
We get 

r{m{x, y)) = r{x, -y) = {-y, -x), m{r{x, y)) = m{y, -x) = {y, x) 

and since S4 = {{a, a), {—a, a), {a, —a){—a, —a)}, we see that for example 

r{rn{a,a)) — {—a,— a), m{r{a,a)) — {a, a) 

and these two transformations are different! We also notice something else 
which is interesting: 

rm — 1714 — reflection with respect to the line y — —x 

and 

mr — m2 — reflection with respect to the line y — x. 

Since rm 7^ mr and we want to classify all the symmetries of the square S4, 
we need to fix an ordering to write the symmetries in a systematic manner. 
We choose to first write a mirror rcfiection, and second a rotation (you could 
choose to first write a rotation and second a mirror refiection, what matters 
is that both ways allow you to describe all the symmetries, as we will see 
now!) This implies that we will look at all the possible following symmetries, 
written in the chosen ordering: 

rm, r'^m, r^m. 

We have just computed rm, so next we have 

r'^m{x, y) = r'^{x, —y) = r{—y, —x) = {—x, y) (2.4) 
and by applying r once more on (2.4) we get 

r^m{x,y) ^ r{-x,y) = {y,x) 

showing that 

r^m = reflection with respect to the y—axis 

and 

r^m — mr — reflection with respect to the line y — x. 
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Symm£trie^oftheySqucirey (III) 

• The composition of two symmetries = another symmetry! 

• r=rotation of 90 deg (CW) or 270 deg (CCW), m=horizontal 
reflection 






= rm 



= mr 



Symmetries of the/ Squurey (IV) 

We saw that mr is not equal to rm. 

Thus we need to decide an ordering to write the symmetries. 
We choose rm,r2m,r^m. 





So what is mr? 




d b 



= r^ m 
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It is a good time to start summarizing all what we have been doing! 
Step 1. We recognize that among all the planar isometries, there are 8 of 
them that are symmetries of the square S4, namely: 

1. mi— reflection with respect to the y-axis, 

2. 7712= reflection with respect to the line y — x, 

3. 1713= reflection with respect to the x-axis, 

4. m.4— reflection with respect to the line y — —x, 

5. the rotation r7r/2, 

6. the rotation r^r, 

7. the rotation r2Tr/2, 

8. and of course the identity map 1! 

Step 2. We flxed m — and r = r 3-^/2 and computed all the combinations 
of the form r*m-', i — 1,2, 3, 4, j — 1, 2, and we found that 

rm = 1714 
r^m = nil 
r^m — 1712 

which means that we can express all the above 8 symmetries of the square 
as r'm-^, and furthermore, combining them does not give new symmetries! 

We can thus summarize all the computations in the following multiplica- 
tion table. 





1 


m 


r 


^2 




rm 


r'^m 


r^m 


1 


1 


III 


/• 




r''' 


nil 


9 

V'lll 


r'' III 


m 


m 


1 


r^m 


r^m 


rm 




^2 


r 


r 


r 


rm 


^2 


^3 


1 


r'^m 


r^m 


m 


^2 


^2 


r'^m 


^3 


1 


r 


r^m 


m 


rm 




^3 


r^m 


1 


r 


^2 


m 


rm 


r^m 


rm 


rm 


r 


m 


r^m 


r^m 


1 




^2 


r'^m 


r'^m 


^2 


rm 


m 


r^m 


r 


1 


^3 


r^m 


r^m 


^3 


r'^m 


rm 


m 


^2 


r 


1 
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m 


r 


r^ 


r" 


rm 


r^m 


r^m 




1 


m 


r 


r^ 


r^ 


rm 


r^m 


r^m 




m 


1 




fim 


rm 


r^ 


r^ 


r 






rm 




r3 


1 


r^m 


r^m 


m 






r'm 




1 


r 


r^m 


m 


rm 


^^^^^ 




fim 


1 


r 


r^ 


m 


rm 


r^m 




rm 


r 


m 


r^m 


r^m 


1 


r" 


r^ 








rm 


m 


r^m 


r 


1 


r^ 








r^m 


rm 


m 


r^ 


r 


1 



Sywimetrve^ cmd/ Structurey 

A figure with many symmetries looks more structured! 
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In the first chapter, we defined and classified planar isometries. Once 
we know what arc all the possible isometrics of plane, in this chapter, we 
focus on a subset of them: given a set of points S, what is the subset of 
planar isometries that preserves S. We computed three examples: (1) the 
symmetries of two points, (2) the symmetries of the rectangle, and (3) that 
of the square. We observed that the square has more symmetries (8 of them!) 
than the rectangle (4 of them). In fact, the more "regular" the set of points 
is, the more symmetries it has, and somehow, the "nicer" this set of points 
look to us! 
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Exercises for Chapter 2 

Exercise 6. Determine tlie symmetries of an isosceles triangle, and compute 
the multiplication table of all its symmetries. 

Exercise 7. Determine the symmetries of an equilateral triangle, and com- 
pute the multiplication table of all its symmetries. 

Exercise 8. Determine the symmetries of the following shape, and compute 
the multiplication table of all its symmetries. 




Exercise 9. Let z = e^*''/^. 

1. Show that = 1. 

2. Compute the multiplication table of the set {1, z, z"^}. 

3. Compare your multiplication table with that of Exercise 8. What can 
you observe? How would you interpret what you can see? 

Exercise 10. In the notes, we computed the multiplication table for the 
symmetries of the square. We used as convention that entries in the table 
are of the form r'^m^ . Adopt the reverse convention, that is, write all entries 
as m-'r' and recompute the multiplication table. This is a good exercise if 
you are not yet comfortable with these multiplication tables! 



Chapter 3 
Introducing Groups 



"We need a super-mathematics in which the operations are as un- 
known as the quantities they operate on, and a super-mathematician 
who does not know what he is doing when he performs these oper- 
ations. Such a super-mathematics is the Theory of Groups. " (Sir 
Arthur Stanley Eddington, physicist) 

The first two chapters dealt with planar geometry. We identified what 
are the possible planar isometries, and then, given a set S of points in the 
plane, we focused on the subset of planar isometries that preserves this given 
set S. These are called symmetries of 5*. We saw that planar isometries, 
respectively symmetries, can be composed to yield another planar isometry, 
respectively symmetry. Every planar isometry is invertible. Every symmetry 
of a given set S is invertible as well, with as inverse another symmetry of 5*. 

We now put a first step into the world of abstract algebra, and introduce 
the notion of a group. We will see soon that groups have close connections 
with symmetries! 

Definition 4. A group G is a set with a binary operation (law) ■ satisfying 
the following conditions: 

1. For all 5(1, 92 e G ^ gi ■ g2 E G. 

2. The binary law is associative. 

3. There is an identity element e in G, such that g ■ e = e ■ g = g, \lg E G. 

4. Every element g & G has an inverse g~^, such that g- g^^ = g^^ ■ g = e. 
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VefMXXxyyx/ of QrcnXp 

A group G is a set with a binary operation • which maps a pair 

(g,h) in GxG to g-h in G, 
which satisfies: 

The operation is associative, that is to say (f-g)-h=f-(g-h) for 
any three (not necessarily distinct) elements of G. 

There is an element e in G, called an identity element, such 
that g-e=g=e-g for every g in G. 

Each element g of G has an inverse g"^ which belongs to G and 
satisfies g"^ •g=e=g-g"^ ■ 



I 



hJotcUXxyvw! 



• The binary operation can be written multiplicatively, 
additively, or with a symbol such as *. 

• We used the multiplicative notation. 

• If multiplicatively, the identity element is often written 1. 

• If additively, the law is written +, and the identity element is 
often written 0. 
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There are many things to comment about this definition! We understand 
what a set G means. Now we consider this set together with a binary opera- 
tion (also caUed binary law). This binary operation can be difi^erent things, 
depending on the nature of the set G. As a result, this operation can be 
denoted in different ways as well. Let us see some of them. We will write 
the set and the law as a pair, to make explicit the binary operation: 

• In multiplicative notation, we write {G, •), and the identity element is 
often written 1, or Igr if several groups and their identity elements are 
involved. 

• In additive notation, we write {G, +), and the identity element is often 
written 0, or Og. 

• There could be more general notations, such as (G,*), when we want 
to emphasize that the operation can be very general. 

The multiplicative notation really is a notation! For example, if m denotes 
a mirror rotation and r a rotation, the notation r-m (or in fact rm for short) 
means the composition of maps, since multiplying these maps does not make 
sense! It is thus important to understand the meaning of the formalism that 
we are using! 

There are 4 key properties in the definition of group. Let us use the 
multiplicative notation here, that is we have a group (G, ■). 

1. If we take two elements in our group G, let us call them gi,g2, then 
gi ■ g2 must belong to G. 

2. The binary operation that we consider must be associative. 

3. There must exist an identity element. 

4. Every element must have an inverse. 

If any of these is not true, then we do not have a group structure. 

It is interesting to notice that the modern definition of group that we just 
saw was in fact proposed by the mathematician Cayley, back in 1854! 
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Some/HiAitory 




Arthur Cayley 

(1821-1895) 



In 1854, the mathematician Cayley wrote: 
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" ^^iet ofti^in/jc'h a// eft/iein c/0!itent, an(/ 
'kic/i t/iat t/te^ivr/iict o/anij two o/t/ie))i C»(' 
tHatter ill ic/tat orf/ei'J , or t/ie^jrof/iicf (t/'aiiy 
ane oftAem inte it>ie^, 6e/en^'i to t/ie 'iet, (6 ricik/ 
to 6e a ^roK^j. ^!^/^6e^m6o/ii ai^e /to/ t'/i ^e/iem/ 
eoji/'^/'t/6/e [c<pmmufMtwe J, 6iit are aMoefafy'/,'€." 
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Every Property ocnA4^! 



If the result of the binary operation is not in G (that is G is not 
closed under the binary operation), not a group! 

If the binary operation is not associative, not a group ! 

•<CWV;HoW, I KiHT 
-raiH< MUH B ^ SCIENCE. 

If no identity element, not a group! ^ ™"i,V^sE'SS^ 

TA«:™o MWBEES WOKWBt 

■too m mni. Tira mmsicmh 

If no inverse, not a group! ^E°cr^»:^' 
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To get used to the formalism of the group definition, let us try to make 
a small proof. 

Proposition 1. Let {G, ■) be a group, with identity element e. Then this 

identity element is unique. 

Proof. To prove that e is unique, we will assume that there is another identity 
element e', and show that e = e'. Let us thus do so, and assume that both e 
and e' are identity elements of G. 

We now recall what is the definition of an identity element. If e is an 
identity element, then it must satisfy 

e-g^g-e^g (3.1) 

for every element g oi G, and e' must similarly satisfy 

e'-g = g-e' = g (3.2) 

for every element g oi G. 

Now we know that (3.1) is true for every element in G, thus it is true for 
e' as well, and 

e • e' = e'. 

We redo the same thing with e'. Because (3.2) is true for every element in 
G, then it is true for e, which gives 

e ■ e' = e. 

Now we put these two equations together, to obtain 

e ■ e' = e' = e ^ e' — e. 

□ 

A group becomes much simpler to understand if its binary operation is 
in fact commutative. We give such groups a particular name. 

Definition 5. Let (G, •) be a group. If the binary operation • is commutative, 
i.e., if we have 

^gi,g2^G, gi-g2 = g2-9i, 

then the group is called commutative or abelian (in honor of the mathe- 
matician Abel (1802-1829)). 

When a group is abelian, its binary operation is often denoted additively, 
that is {G,+). 
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A fireproof 

• To get used to some group formalism, let us try to prove that 
the identity element of a group is unique. 

• Proof Suppose by contradiction that there are two elements 
e and e' which are both an identity element. 

Because e is an identity element, we have 

e-e =e . 

Because e' is also an identity element, we have 
e-e' =e. 

Hence e-e' = e' =e , which concludes the proof. 



CommutcvtiA/Vty? 

^^^^^^^rou^no^ve^^^Mr^^A/^iav^T^^vg^ 

we say that G is commutative, or abelian. 




Otherwise, we say that G is non- 
commutative or non-abelian. 



Niels Henrik Abel 

(1802-1829) 
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Suppose we have a group with a given binary operation. We now look at 
subsets of this group, which also have a group structure with respect to the 
same binary operation! 

Definition 6. If {G, ■) is a group and if is a subset of G, so that {H, ■) is a 
group too, we shall call {H, ■) a subgroup of G. 

Note again that the above definition can be written in additive notation. 

We may consider the subgroup H = G as a subgroup of G. Another 
example of subgroup which is always present in any group G is the trivial 
subgroup formed by the identity element only! 

Let us use the multiplicative notation, and let (G, ■) be a group with 
identity element 1. Now we need to check that = {1} is indeed a subgroup 
of G. It is of course a subset of G, so we are left to check that it has a group 
structure. Well, all we need to know here is that 1-1 = 1, which is true from 
the fact that G is a group. This shows at once that (1) combining elements 
of H gives an element in H, (2) there is an identity element in H, and (3) 
the element of H is invertible (it is its own inverse in fact). There is no need 
to check the associativity of the binary law here, since it is inherited from 
that of G. 

If if is a subgroup of G, they are both groups, and the size of H is always 
smaller or equal to that of G. The size of a group G has a name, we usually 
refer to it as being the order of the group G. 

Definition 7. If {G, ■) is a group, the number of elements of G (i.e., the 
cardinality of the set G) is called the order of the group G. It is denoted by 
\G\. 

For example, to write formally that the size of a subgroup if of G is 
always smaller or equal to that of G, we write: |if | < |G|. 

A group G can be finite (|G| < oo) or infinite (|G| = oo)! We will see 
examples of both types. 



Be careful here: the word "order" means two different things 
in group theory, depending on whether we refer to the order of a group, 
or to the order of an element!! 



We next define the order of an element in a group. 
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A Qrcnxp On&Cdeya/QrotAp 

• If G is a group, and H is a subset of G which is a group with 
respect to the binary operation of G, then H is called a 
subgroup of G. 



(H =G is a subgroup of G.) 




They tr(A/Cal/ Q roup 

• The set containing only the identity element is a group, 
sometimes called the trivial group. 

• It is denoted by 

- {0} (additive notation) 

- {1} (multiplicative notation) . 

• Every group contains the trivial group as a subgroup. 
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From now on, we will adopt the multiplicative notation, and very often 
when things are clear enough even remove the ■ notation. For example, we 
will write gig2 instead of Qi ■ g2- 

Definition 8. Let G be a group with identity element e. The order of an 
element g in G is the smallest positive integer k such that 

999^ ■■9^ = 9^ = e. 

k times 

Note that such a k might not exist! In that case, we will say that g has 
an infinite order. The notation for the order of an element g varies, it is 
sometimes denoted by \g\, or o{g). 

One might wonder why we have two concepts of order, with the same 
name. It suggests they might be related, and in fact they are, but this is 
something we will see only later! 

Let {G, ■) be a group whose order is \G\ = n, that is G contains a finite 
number n of elements. Suppose that this group G contains an element g 
whose order is also n, that is an element g such that 

g- = e 

and there is no smaller positive power k of g such that g'^ = e. Then 

g,g\...,g'^-\g- = e 

are all distinct elements of G. Indeed should we have some g'' = g^^^ for 
t < n then by multiplying both sides with gf"'*, we would get that g^ = I for 
t < n, a contradiction to the minimality of n\ 

But the group, by assumption, has only n distinct elements, hence we 
must have that 

G = {l,g,g^...,g--'}. 

If this is the case, we say that {G, ■) is generated by g, which we write 

G={g). 

These types of groups are very nice! In fact they are the simplest form 
of groups that we will encounter. They are called cyclic groups. 
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CHAPTER 3. INTRODUCING CROUPS 



Order ofa/Qrcmp/Order of a^Elem>er\t 

The cardinality of a group G is called the order of G and is 
denoted by |G|. ^ 

A group can be finite or infinite. 



The order of an element g in G is the smallest positive integer k 
such that g'^=l. If no such k exist, the order is °°. 



• Does having the same name mean that there is a link between 
the order of a group and order of an element? 

• Actually yes... .but not so easy to see... 



When/order of element:= ctrder of group 



• Let G be a group of finite order n (lG|=n). 

• What happens if there exists an element g in the group G such 
that the order of g =n? 

• This means g"=l, and there is no k>0 smaller such that g'^=l. 

• This means that G is exactly described by G={l,g,g^g^...,g""^}. 

• In this case, we say that G is a cyclic group. 
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Definition 9. A group G will be called cyclic if it is generated by an element 
g of G, i.e., 

G={g) = {g^\meZ}. 

Notice that this definition covers both the case of a finite cyclic group (in 
that case, g^ = e for some n, and this set is indeed finite) and of an infinite 
cyclic group. 

To start with, cyclic groups have this nice property of being abelian 
groups. 

Proposition 2. Cyclic groups are abelian. 

Proof. To show that a group is abelian, we have to show that 

9192 = 92gi 

for any choice of elements gi and g2 in G. Now let G be a cyclic group. By 
definition, we know that G is generated by a single element g, that is 

G = {g) = {g'^ln e Z}. 

Thus both gi and g2 can be written as a power of g: 

91 = 9\ 92 = 9^ 

for some power i and j, and thus, thanks to the associativity of the binary 
operation 

9i92 = g"g^ = g"^^ = g^g" = g2gi 

which concludes the proof. □ 
Let us summarize what we have been doing so far in this chapter. 

• We defined this abstract notion of group. 

• Using it, we defined more abstract things: an abelian group, the order 
of a group, the order of an element of a group, the notion of subgroup, 
and that of cyclic group. 

• We also saw that based only on these definitions, we can start proving 
results, such as the uniqueness of the identity element, or the fact that 
cyclic groups are abelian. 
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CycUxyQroiXp 

r A group G is said to be cyclic if it is generated by one element 
g in G. It is written G=<g>. 



• If G=<g>, we have in multiplicative notation G={l,g,g2,g^...,g""^}, 
while in additive notation G={0,g,2g,...,(n-l)g} with ng=0. 

• A cyclic group is abelian._^ 

• Proof: g'gj^gjg' 




for all g,h in G, we have g-h = h-g 



Associativity! 



A cyclic group of order 2 



g2=l 



What weydld/yy-far. 



We stated an abstract definition of group. 

Based on it only, we built new abstract objects (abelian group, 
subgroup and cyclic group) and definitions (order of group 
and element). 





CYCLIC 
GROUP 




ABELIAN 
GROUP 


GROUP 
ORDER 


ELEMENT 
ORDER 


SUBGROUP 


GROUP 
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This might look really abstract, which is somewhat normal since this is a 
first step into abstract algebra. However, you already know all these abstract 
objects, because you saw them already in the two previous chapters! These 
definitions are abstracting mathematical properties that we observed. We 
will spend the rest of this chapter to convince you that this is indeed the 
case. 

Wc will use a lot the notion of multiplication table for the rest of this 
chapter. We note that they are sometimes called Cayley tables. 

Recall from the previous chapter that we have obtained the complete set 
of symmetries for a rectangle, whose multiplication table we recall below (we 
write m — for the vertical mirror refiection): 
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m 
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m 
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mrT^ 
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1 



First of all, let us see that the symmetries of a rectangle form a group G, 
with respect to the binary operation given by the composition of maps. 

• Composition of symmetries yields another symmetry (this can be ob- 
served from the multiplication table) . 

• Composition of symmetries is associative. 

• There exists an identity element, the identity map 1. 

• Each element has an inverse (itself!) This can be seen from the table 
as well! 

This shows that the set of symmetries of a rectangle forms a group. Note 
that this group is abelian, which can be seen from the fact that the multipli- 
cation table is symmetric w.r.t. the main diagonal. 

Of course, that the set of symmetries of a rectangle forms an abelian 
group can be shown without computing a multiplication table, but since we 
know it, it gives an easy way to visualize the group structure. 
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WhcWy the/ Unfc/? 




Ue^^cdb: Syvwmetrve^ of the/ Ue^c^yj^le/ 

• Let m be the vertical mirror reflection 

• Let r be a reflection of 180 degrees. 

• Let 1 be the do-nothing symmetry. 

• rm is the horizontal mirror reflection. 
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The group of symmetries of the rectangle has order 4. 
Let us look at the order of the elements: 

= 1, = 1, [rmf' = 1, 

thus these elements have order 2. 
We next look at the subgroups: 

• The trivial subgroup {1} is here. 

• We have that {1,t} forms a subgroup of order 2. 

• Similarly {l,m} forms a subgroup of order 2. 

• Finally {l,rm} also forms a subgroup of order 2. 

We can observe that these are the only subgroups, since by adding a 3rd 
element to any of them, we will get the whole group! Let us illustrate this 
claim with an example. Let us try to add to {l,r}, say m. We get H = 
{l,r,m} but for this set if to be a group, we need to make sure that the 
composition of any two maps is in H\ Clearly rm is not, so we need to add 
it if we want to get a group, but then we get G\ 

We further note that all the subgroups are cyclic subgroups! For example, 
{1, m} = (m). But G itself is not a cyclic group, since it contains no element 
of order 4. 

Let us summarize our findings: 

Let G be the group of symmetries of the rectangle. 

1. It is an abelian group of order 4. 

2. Apart from the identity element, it contains 3 elements of order 2. 

3. It is not a cyclic group. 

4. It contains 3 cyclic subgroups of order 2. 
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The symmetries of the rectangle form a group G, with respect 
to composition: 

G={l,r,m,rm} 



/Check List: 
^ closed under binary operatior 
^ associativity 
^Identity element 
v^lnverse 



• The identity element 1 is the do-nothing symmetry. 

• It is a group of order 4. 

• It is an abelian group, (the multiplication table is symmetric) 



5 uJygrcnApy and/ O rdery 



Can you spot subgroups? 

{l,m}, {l,r}, {l,rm} are subgroups. 



Drder of group =2, there is an 
element of order 2 



They are all cyclic subgroups! 
All elements have order 2 (but l=do -nothing). 
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Let us now look at our second example, the symmetries of the square. 
We recall that there are 8 symmetries: 

1. mi— reflection with respect to the y-axis, 

2. 777.2= reflection with respect to the line y = x, 

3. ms— reflection with respect to the x-axis, 

4. 1714— reflection with respect to the line y — —x, 

5. the rotation r7r/2, 

6. the rotation r^^, 

7. the rotation r2-„-/2, 

8. and of course the identity map 1! 

By flxing m — and r = r3^/2, we also computed that 

r777 = 7774 

r^m — 7771 

r^777 — 7772 

which allowed us to compute the following multiplication (Cayley) table. 
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ml 



1. Do-nothing 

2. Reflection in mirrorml 

3. Reflection in mirror m2 

4. Reflection in mirror m3 
S Rpfjprtion in mirror m4 

6. Rotation of 90 degrees 

7. Rotation of 180 degrees 

8. Rotation of 270 degrees 
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Let us check that the symmetries of the square form a group. We consider 
the set 

G = {l,r,r^ jf"^ ,m,mr,mr'^ ,mr'^} 
together with the composition of maps as binary law. Then we have 

• closure under the binary composition, that is the composition of two 
symmetries is again a symmetry, 

• the composition is associative, 

• there exists an identity element, 

• each element has an inverse (this can be seen in the table, since every 
row has a 1!) 

We just showed that G is a group. 

It is a group of order 8, which is not abelian, since rm ^ mr. Note that 
as a result G cannot be cyclic, since we proved that every cyclic group is 
abelian! 

We next look at possible subgroups of G. Let us try to spot some of 
them. 

• We have that {1, m} forms a subgroup of order 2. It contains an element 
m of order 2, thus it is cyclic! 

• Another subgroup can be easily spotted by reordering the rows and 
columns of the Cayley table. This is {l,r, r^,r^}, which is a subgroup 
of order 4. It contains one element of order 4, that is r, and thus it is 
cyclic as well! It also contains one element of order 2, that is r^. The 
element also has order 4. 

• The subgroup {l,r, r^,r^} itself contains another subgroup of order 2, 
given by {1, r^}, which is cychc of order 2. 

We have now spotted the most obvious subgroups, let us see if we missed 
something. 
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• The set of symmetries of the square form a group G, with 
respect to composition. ^ 

G={l,m,r, r^,r\rm,r^m,r^m}. \ Checklist: 

^ closed under binary operation 

associativity 
v^ldentlty element 
Inverse 



The identity element 1 is the do-nothing symmetry. 
It is a group of order 8. 
It is a non-abelian group. 



Cci^ycrw ^^ot Su2ygrcnApy? (I) 

<m> is a cyclic group of order 2! 



^ closed under binary operatior 
^ associativity 
^Identity element 
I. Inverse 
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If we take the subgroup {l,r, r^,r^} and try to add one more element, 
say m, we realize that rm, r'^m,... must be there as well, and thus we get 
the whole group G. 

Let us try to add some more elements to the subgroup {1, m}. If we add 
r, then we need to add all the power of r, and we obtain the whole group G 
again. 

Alternatively we could try to add to {l,m}. Then we get H = 
{1, m, r^, r^m, mr"^}, and this we have that r^m = mr^. Thus we managed to 
find another subgroup, this time of order 4. It contains 3 elements of order 
2. 

We had identified the subgroup {1, r^}. If we add m, we find the subgroup 
H again. If we add rm, we find another subgroup given by {l,r'^,rm,r^m}. 

Finally, we had mentioned at the beginning that {1, m} forms a subgroup 
of order 2. But this is true for every mirror reflection, and we have more 
than one such reflection: we know we have 4 of them! Thus to each of them 
corresponds a cyclic subgroup of order 2. 

We list all the subgroups of G that we found. 

Let G be the group of symmetries of the square. Here is a list of its subgroups. 

1. Order 1: the trivial subgroup {!}. 

2. Order 2: the cyclic groups generated by the 4 reflections, that is {1, m}, 
{l,rm}, {l,r^m} and {l,r^m}, together with {l,r^}. 

3. Order 4: we have {l,r, r^,r^} which is cyclic, and {1, m, r^, r^m, mr^} 
together with {1, r^, rm, r^m} which are not cyclic. 



It is interesting to recognize the group of symmetries of the rectangle, which 
makes sense, since a square is a special rectangle. 

You are right to think that finding all these subgroups is tedious! In fact, 
finding the list of all subgroups of a given group in general is really hard. 
However there is nothing to worry about here, since we will not try for bigger 
groups, and for the symmetries of the square, it was still manageable. 
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Cc^n/yctwsipotSuh^otApy? (II) 

<r> is a cyclic group of order 4! 



closure under binary operation 

associativity 
v^ldentity element 
v^lnverse > 
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CoAvyowiipotSiAhi^cnXpy? (Ill) 

is a cyclic group of order 2! 



^ closure under binary operation 
^ associativity 



^Identity element 
Inverse 



<r^> 
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We finish this example by summarizing all that we found about the group 
of symmetries of the square. 

Let G be the group of symmetries of the square. 

1. It is a group of order 8. 

2. Apart from the identity element, it contains 7 elements, 5 of order 2, 
and 2 of order 4. 

3. It is not a cyclic group. 

4. In fact, it is not even an abelian group. 

5. It contains 5 cyclic subgroups of order 2, 1 cyclic subgroup of order 
4, and 2 subgroups of order 4 which are not cyclic, for a total of 8 
non-trivial subgroups. 



In the first two chapters, we explained mathematically nice geometric 
structures using the notion of symmetries. What we saw in this chapter is 
that symmetries in fact have a nice algebraic structure, that of a group. What 
we will do next is study more about groups! Once we have learnt more, we 
will come back to symmetries again, and see that we can get a much better 
understanding thanks to some group theory knowledge. 
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CciAV yow ^Cft SiAh^cnXpy? (IV) 



^ closed under binary operatior 

associativity 
v^ldentity element 
. v^lnverse 



Is this group cyclic? What is it? 
Group of symmetries of the rectangle! 









1^ 




rm 


r^m 


r 


r" 


m 


r^m 


1 


1 




rm 


r^m 


r 


r^ 


m 


r^m 






1 


r^m 


rm 


r' 


r 


r^m 


m 


rm 


rm 




1 


r2 


m 


r^m 


r 


r' 


r^m 




rm 


r^ 


1 


r^m 


m 


r" 


r 




r 




r^m 


m 




1 


rm 


r^m 






r 


m 


r^m 


1 


r2 


r^m 


rm 


m 


m 




r" 


r 


r^m 


rm 


1 


r^ 






m 


r 


r' 


rm 


r^m 


r^ 


1 



S uJygrcnApy and/ O rdery 



In our group G ={l,m,r, r^r^, rm, r^m, r^m} we have harvested 
as subgroups: 

• The obvious subgroups: G and {1} 

• The cyclic subgroups: <m> and <r^> of order 2, <r> of order 4 

• More difficult : the group of symmetries of the rectangle 



• Orders of elements: r of order 4, m of order 2, r^ of order 2 

• Do you notice? 4 and 2 are divisors of | G | (not a 
coincidence. ..more later) 
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Exercises for Chapter 3 

Exercise 11. In Exercise 7, you determined tlie symmetries of an equilateral 
triangle, and computed the multiplication table of all its symmetries. Show 
that the symmetries of an equilateral triangle form a group. 

1. Is it abelian or non-abelian? 

2. What is the order of this group? 

3. Compute the order of its elements. 

4. Is this group cyclic? 

5. Can you spot some of its subgroups? 

Exercise 12. Let z — e^*'^/^. Show that {l,z,z'^} forms a group. 

1. Is it abelian or non-abelian? 

2. What is the order of this group? 

3. Compute the order of its elements. 

4. Is this group cychc? 

5. Can you spot some of its subgroups? 

Exercise 13. Let X be a metric space equipped with a distance d. 

1. Show that the set of bijective isometries of X (with respect to the 
distance d) forms a group denoted by G. 

2. Let S he a, subset of X. Define a symmetry / of -S" as a bijective 
isometry of X that maps S onto itself (that is f{S) — S). Show that 
the set of symmetries of 5" is a subgroup of G. 

Exercise 14. Let G be a group. Show that right and left cancellation laws 
hold (with respect to the binary group operation), namely: 

92- 93- 92^ 93, 

93- 9i = 93- 92 ^ 9i = 92, 

for any 91,92,93^ G. 
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Exercise 15. Let G be an abelian group. Is the set 

{x G G, X = x^^} 
a subgroup of G? Justify your answer. 

Exercise 16. Let G be a group, and let if be a subgroup of G. Consider 
tlie set 

gH = {gh, h G H}. 

1. Sliow tiiat \gH\ = \H\. 

2. Is tliet set 

{g EG, gH = Hg] 

a subgroup of G? 
Exercise 17. Let G be a group, show that 

for every gi,g2 G G. This is sometimes called the "shoes and socks property"! 

Exercise 18. In a finite group G, every element has finite order. True or 
false? Justify your answer. 

Exercise 19. This exercise is to practice Cayley tables. 

1. Suppose that G is a group of order 2. Compute its Cayley table. 
Guided version. 

• Since G is of order 2, this means it has two elements, say G = 
{91^92}- Decide a binary law, say a binary law that is written 
multiplicatively. 

• Now use the definition of group to identify that one of the two 
elements must be an identity element 1. Then write the Cayley 
table. 

• Once you have written all the elements in the table, make sure 
that this table is indeed that of group! (namely make sure that 
you used the fact that every element is invertible). 
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2. Suppose that G is a group of order 3. Compute its Cayley table. 

Exercise 20. Consider the set M„(]R) oi n x n matrices with coefficients in 
R. For this exercise, you may assume that matrix addition and multiphcation 
is associative. 

1. Show that M„(R) is a group under addition. 

2. Explain why Mn(M) is not a group under multiplication. 

3. Let GL„(R) be the subset of M„(R) consisting of all invertible matri- 
ces. Show that GLn{R) is a multiplicative group. (GL„(R) is called a 
General Linear group). 

4. Let 5'L„(R) be the subset of GL„(R) consisting of all matrices with 
determinant 1. Show that SLniM.) is a subgroup of GL„(R). (5'L„(R) 
is called a Special Linear group). 

5. Explain whether 5'L„(R) is a subgroup of M„(R) 
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Chapter 4 
The Group Zoo 



"The universe is an enormous direct product of representations 
of symmetry groups." (Hermann Weyl, mathematician) 

In the previous chapter, we introduced groups (together with subgroups, 
order of a group, order of an element, abehan and cychc groups) and saw as 
examples the group of symmetries of the square and of the rectangle. The 
concept of group in mathematics is actually useful in a variety of areas beyond 
geometry and sets of geometric transformation. We shall next consider many 
sets endowed with binary operations yielding group structures. We start 
with possibly the most natural example, that of real numbers. Since both 
addition and multiplication arc possible operations over the reals, we need 
to distinguish with respect to which we are considering a group structure. 

Example 1. We have that (M, +) is a group. 

• M is closed under addition, which is associative. 

• VxeM,a; + = + x = x, hence is the identity element. 

• Vx e R, 3(-x) e R, so that x + {-x) = 0. 

Example 2. We have that (R*, •), where R* = R\{0}, forms a group: 

• R* is closed under multiphcation, which is associative. 

• \/x , X -1 = \ ■ X = X, hence 1 is the identity element. 

• Mxe M*, ^x-^ = so that x ■ (^) = (^) ■ x = 1. 

Both (M, +) and (R*,-) are abelian groups, of infinite order (|R| = oo, 
|R*| = oo). 
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CHAPTER 4. THE GROUP ZOO 



Do you remember from last week? 



/check List: 

closed under binary operation 
associativity 
v^ldentity elennent 
Inverse 



Have you thought of examples of groups you might know? 



Kecd/hJumhery 



The real numbers M form a group, with respect to addition. 



/^heck List: 
^ closed under binary operation 

associativity 
v^ldentity element 
v^ln verse 




• What about multiplication? 

• The real numbers without the zero form a group for multiplication. 

• What about the set of complex numbers? (left as exercise) 
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Consider the set of integers Z. 

Definition 10. We say that a,b E 1j are congruent modulo n if their differ- 
ence is an integer multiple of n. We write 

a = b mod ri'^a — b = t-n, tGZ. 

Example 3. Here are a few examples of computation. 

• 7 = 2 mod 5 because 7 — 2 = 1-5, 

• — 6 = — 1 mod 5 because —6 — (—1) = (—1) ■ 5, 

• —1 = 4 mod 5 because —1 — 4 = (—1) ■ 5, 

• —6 = 4 mod 5 because 4 — (—6) = 2-5. 

We are of course interested in finding a group structure on integers 
mod n. To do so, we first need to recall what are equivalence classes. 

Proposition 3. Congruence mod n is an equivalence relation over the 
integers, i.e., it is a relation that is reflexive, symmetric and transitive. 

Proof. We need to verify that congruence mod n is indeed reflexive, symmet- 
ric, and transitive as claimed. 

Refiexive: it is true that a = a mod n since a — a = • n. 

Symmetric: we show that if a = 6 mod n then b = a mod n. Now a = b 

mod n <^=^ a ~ b = tn <^=^ b — a = {—t)n <^=^ b = a mod n. 

Transitive: we show that if a = 6 mod n and b = c mod n then a = 
c mod n. Now if a — 6 = tin and b — c = t2n, then a — c = a — b-\-b — c = 
(ti + t2)n, showing that a = c mod n. □ 

Given an equivalence relation over a set, this relation always partitions it 
into equivalence classes. In particular, we get here: 

Theorem 4. Congruence mod n partitions the integers Z into (disjoint) 
equivalence classes, where the equivalence class of a E Z is given by 

a = {6 G Z, a = b mod n}. 
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More/ 'Numbers : Integ^y wuyd/ w 

For a positive integer n, two integers a and b are said to be 
congruent modulo n if their difference o - b is an integer 
multiple of n: 

a = b mod n. 

Example: 

7 = 2 mod 5 
since 7-2 is a multiple of 5. 

We have a =b mod n <=> a-b = mod n O n | a-b <=> a-b =nq 
O a =nq +b 



Iviteg^y wuyd/ 1 2 







■9 ^ 





• Integers mod 12 can be represented by 
{0,1,2,3,4,5,6,7,8,9,10,11} 

• Suppose it is 1pm, add 12 hours, this gives 1 am. 
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Proof. Recall first that a "partition" refers to a disjoint union, thus we have 
to show that 

Z=(^a=(^{6eZ, a = b mod n} 

where a fl a' is empty if a 7^ a'. Since a runs through Z, we already know 
that Z = Uaez ^' ^^^^ ^^^^ work is to show that two equivalence classes 
are either the same or disjoint. Take 

a = {6 e Z, a = b mod n}, a' — {b' e Z, a' = b' mod n}. 

If the intersection a fl a' is empty, the two sets are disjoint. Let us thus 
assume that there is one element c which belongs to the intersection. Then 

c = a mod n and c= a' mod n ^ c — a + tn — a' + sn 

for some integers s,t. But this shows that 

a — a! — sn — tn — {s — t)n ^ a = a! mod n 

and we conduce that the two equivalence classes are the same. □ 

Note that a = b mod n <^=^ a — b — t • n <^=^ a — b + tn, which 
means that both a and b have the same remainder when we divide them by n. 
Furthermore, since every integer a £ Z can be uniquely represented as a = 
tn + r with r G {0, 1, 2, . . . , (n — 1)}, we may choose r as the representative 
of a in its equivalence class under congruence mod n, which simply means 
that integers mod n will be written {0, 1, 2, . . . , n — 1}. 

Let us define now addition of integers mod n: 

{a mod n) + {b mod n) = (a + b) mod n. 

When we write a mod n, we are chosing a as a representative of the equiva- 
lence class a, and since the result of the addition involves a, we need to make 
sure that it will not change if we pick a' as a representative instead of a! 

Proposition 4. Suppose that a' = a mod n, and b' = b mod n, then {a' mod 
n) ± {b' mod n) = (a ± b) mod n. 

Proof. Since a' = a mod n, and b' = b mod n, we have by definition that 

a' — a + qn, b' — b + rn, q,r & 'Z 

hence 

a' ±b' — {a + qn) ± (6 + rn) — {a±b) + n{q ± r) = a ± 6 mod n. 

□ 
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Being congruent mod n is an equivalence relation. 

• It is reflexive: a = a mod n 

• It is symmetric: if a=b mod n, then b=a mod n. 

• It is transitive: if a=b mod n and b=c mod n, then a=c mod n 

Thus if a = b mod n, they are in the same equivalence class. 
We work with a representative of an equivalence class, it does 
not matter which (typically between and n-1). 

What it means: we identify all elements which are "the 
same" as one element, an equivalent class! 



AddMcm/ vviodAAlcr n/ 

Let us define addition mod n: 
(a mod n) + (b mod n) = (a+b) mod n 

Problem: given a and n, there are many a' such that a = a' 
mod n, in fact, all the a' in the equivalence class of a. 
Thus addition should work independently of the choice of a', 
that is, independently of the choice of the representative! 

Take a' = a mod n, b'=b mod n, then it must be true that (a' 

mod n) + (b' mod n) = (a+b) mod n. 

a' =a mod n <=> a' = a +qn for some q 

b' =b mod n <=> b' = b+rn for some r 

Thus (a+qn)+(b+rn) = (a+b) + n(q+r) = a+b mod n. 
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All this work was to be able to claim the following: 

The integers mod n together with addition form a group G, 



where by integers mod n we mean the n equivalence classes 

G = {0j,2,...,^^^}, 
also denoted by 'LjnL^ and by addition, the binary law 

a + 6 = (a + 6) mod n. 
We indeed fuUfil the definition of a group: 

• Closure: since (a + 6) mod n^G. 

• Associativity. 

• The identity element is 0, since a + = a mod n = a. 

• The inverse of a is n — a, since a + n — a = n mod n — 0. 

We further have that G is commutative. Indeed 01 + 02 — 02 + 01 (by 
commutativity of regular addition!). 

Therefore G is an abelian group of order n. The group G of integers mod 
n has in fact more properties. 

Proposition 5. The group G of integers mod n together with addition is 
cyclic. 

Proof. We have that G has order \G\ — n. Recall that for a group to be 
cyclic, we need an element of G of order n, that is an element a such that 
(in additive notation) 

a + . . .d = na = 0. 

We take for d the element 1, which when repeatedly composed with itself 
will generate all the elements of the group as follows: 

''1 + 1 = 2 

T+T+T=3 



1 



1 



(n— 1) times 

T + T+---+T 



+ 1 = n - 1 
0. 



n 



n times 



□ 



CHAPTER 4. THE GROUP ZOO 



The set of integers mod n forms an abelian group, with binary 
operation addition modulo n, and identity element (that is, 
the equivalence class of 0). 



• It has order n. 



It is an abelian group. 



. and n is the smallest integer 
with that propertyl 



Is it cyclic? 




YesI 1 is of order n since 
l+l...+l=n=0 mod n... 




lY\te^ery mod/ 2 

• The group of integers mod 2 = {0,1} (choice of 
representatives!) 

• Bits are integer modulo 2! 



There are 10 kinds of 
people in the world. 

Those who understand 
binary, and those who 
don ' t . 
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Example 4. The group +) of integers mod 2 has Cayley table 








1 








1 


1 


1 






and forms a cyclic group of order 2 (Z/2Z = (1), 1 =1 + 1 = 0). 
Example 5. The group (Z/3Z, +) of integers mod 3 has Cayley table 








1 


2 








1 


2 


1 


1 


2 





2 


2 





1 



This is a cycUc group of order 3: Z/3Z = (1) = (2). 

Example 6. The Cayley table of the group (Z/4Z, +) of integers mod 4 is 








1 


2 


3 








1 


2 


3 


1 


1 


2 


3 





2 


2 


3 





1 


3 


3 





1 


2 



This is a cychc group: (Z/4Z, +) = (1) = (3). The subgroup (2) = {0, 2} of 
(Z/4Z, +) has a Cayley table quite similar to that of (Z/2Z, +)! 








2 








2 


2 


2 






A "historical" use of integers modulo n is credited to the Roman emperor 
Julius Caesar (100 BC 44 BC), who apparently was communicating with his 
army generals using what is now called Caesar's cipher. A modern way of 
explaining his cipher is to present it as an encryption scheme ck defined by 

^k{x) — X + K mod 26, K — 3 

where x is an integer between and 25, corresponding to a letter in the 
alphabet (for example, Oi— 7>A,...,25i— 7>Z). This is a valid encryption scheme, 
because it has a decryption function dx such that dK{eK{x)) — x for every 
integer x mod 26. 
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• Integers mod 4 = { 0,1,2,3} (choice of representatives!) 

• Order of the elements? 



^0 has order 1 
1^ 1 has order 4 
1^2 has order 2 
'^B has order 4 



It is a cyclic 
group! 








1 


2 


3 








1 


2 


3 


1 


1 


2 


3 





2 


2 


3 





1 


3 


3 





1 


2 



{0,2} is a subgroup of order 2. It is cyclic! 








2 


1 


3 








2 


1 


3 


2 


2 





3 


1 


1 


1 


3 


2 





3 


3 


1 





2 
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After studying integers modulo n with respect to addition, we consider 
multiplication. First, we check that 

(a mod n) • {b mod n) = {a ■ b) mod n 

does not depend on the choice of a representative in a mod n and b mod n. 

Proposition 6. Suppose that a' = a mod n and b' = b mod n, then {a' 
mod n) ■ {b' mod n) = {a ■ b) mod n. 

Proof. We write a' — a+qn, b' — b+rn and compute a'-b' — {a+qn){b+rn) — 
ab + n{ar -\- qb-\-n) as needed! □ 

This operation obeys (1) closure, (2) associativity, and (3) there exists an 
identity element 1: a-1 — a. But not every a has an inverse! For an inverse 
oT^ of a to exist, we need aa~^ = 1 + zn, where 2; e Z. 

Example 7. If n = 4, 2 cannot have an inverse, because 2 multiplied by any 
integer is even, and thus cannot be equal to 1 + Az which is odd. 

To understand when an inverse exists, wc will need the Bezout's Identity. 

Theorem 5. Let a, b be integers, with greatest common divisor gcd(a, b) — d. 
Then there exist integers m, n such that 

am + bn — d. 

Conversely, if am' + bn' = d' for some integers m', n' , then d divides d'. 

Proof. Recall that the Euclidean Algorithm computes gcd(a, 6)1 Suppose 
b < a. Then we divide a by 6 giving a quotient qo and remainder tq: 

a = 6^0 + ^^0, '^o < b. (4.1) 

Next we divide b by tq: b = roqi+ri, ri < ro, and ro by r^: ro = riq2+r2, r2 < 
ri and we see the pattern: since r^+i < r^, we divide by r^+i 

rk = rk+iqk+2 + ^^+2, rk+2 < r^+i. (4.2) 

Each step gives us a new nonnegative remainder, which is smaller than the 
previous one. At some point we will get a zero remainder: rjv = riv+i?Ar+2+0. 



CHAPTER 4. THE GROUP ZOO 



Ccve^ror'y Cipher 

To send secrete messages to his generals, Caesar is said to 
have used the following cipher. 

e,^: X eK(x)=x+K mod 26, K=3 

Map A to 0,...,Z to 25 and decipher this 
message from Caesar: YHQLYLGLYLFL 

It is a well-defined cipher because 
there is a function d^ such that 
cIkI^k (x))=x for every x integer 
mod 26. 




Irite^^ery mod/ w cmd/ M ultAp llccUton/? 

Need to check well 
defined, like for addition! 

Are integers mod n a group undeTmultiplication? 

• No! not every element is invertible. 

• Example : 2 is not invertible mod 4 

Invertible elements mod n are those integers 
modulo n which are coprime to n. Etienne Bezout 

(1730 -1783) 

Proof. Bezout's identity! There are integers x,y such that 
ax+ny=gcd(a,n), and if ax'+ny'=d then gcd(a,n) | d. 

• If gcd(a,n) =1 -> ax+ny =1 for some x,y -> ax =1 mod n-> a invertible. 

• If a invertible -> ax=l mod n for some x -> ax+ny=l for some y 
^ gcd(a,n)|l ^ gcd(a,n)=l 




81 



We now show inductively that d = gcd(a, 6) is equal to r^+i- The line 
(4.1) shows that gcd(a, fe) divides tq. Hence gcd(a, 6) | gcd(6, ro). Sup- 
pose that gcd(a,6) | gcd(r7v-i, tat). Since rAr_i = r^qN+i + ^'Af+i, we have 
that gcd(r7v-i, ?"Af) divides both r^v+i and r^v thus it divides gcd(rjv+i, Tat). 
Thus gcd(a,6)|gcd(rAr_i,r7v)|gcd(r7v,'rAr+i) = r^v+i. On the other hand, 
backtracking, we see that r^+i divides a, 6: ttv+i | T]^ thus since r^-i = 
rNQN+i + rN+i, we have tn+i \ tn-i, ■ ■ ■ 

To show Bezout's identity, we write d = r^+i = r^^i — r^qN^i, and sub- 
stitute for each remainder its expression in terms of the previous remainders 

fk+2 = fk — 

all the way back until the only terms involved are a, h. This gives that 
d = tat+i = am + bn for some m,n & Z, as desired. 

Conversely, let d' be a positive integer. Suppose that am' + bn' = d' for 
some integers m',n'. By definition of greatest common divisor, d divides a 
and b. Thus there exist integers a', b' with a = da' and b = db', and 

dam' + db'n = d! . 

Now d divides the two terms of the sum, thus it divides d' . □ 
We are ready to characterize integers mod n with a multiplicative inverse. 

Corollary 1. The integers mod n which have multiplicative inverses are 
those which are coprime to n, i.e. , {a, | gcd(a, ra) = 1}. 

Proof. If gcd(a, ra) = 1, Bezout's identity tells us that there exist x,?/ G Z 
such that ax + ny = 1. Thus ax = 1 + {—y)n and x is the inverse of a. 

Conversely, if there is an x such that ax = 1 then ax = 1 + yn <^==^ 
ax — yn = 1 for some ?/ G Z. By Bezout's identity, we have gcd(a, n) \ 1, 
showing that gcd(a, n) = 1. □ 

The set (Z/nZ)* of invertible elements mod n forms a group under multiplication. 

Indeed (a) closure holds: (ab)^^ = (b ^){a~^) G (Z/nZ)*, (b) associativity 
holds, (c) the identity element is 1, (d) every element is invertible (we just 
proved it!). 

What is the order of this group? 

\{Z/nZr\ = #{a G {0, 1, 2, . . . , (n - 1)} | gcd(a, n) = 1} = ^{n), 

where f{n) is a famous function called the Euler totient, which by definition 
counts the number of positive integers coprime to n. 
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The set of invertible elements mod n form a group under 
multiplication. 

• This group is closed: the product of two invertible elements is 
invertible. 

• Multiplication is associative, the identity element is 1 (the 
equivalence class of 1). 

• Every element has an inverse. 

Its order is the Euler totient function 9 (") ■ 

By definition it counts how many integers are coprime to n. 



KootyofUmty 

I We call a complex number z an nth root of unity if z " =1. 

I Thus z= e^'"/" is an nth root of unity because (e^"^/" )"=1. 

An nth root of unity z is called primitive if n is the smallest 
positive integer such that z"=l. 

Example: 

We have that i is a 4rth root of unity, because i'*=l. 
Also -1 is a 4rth root of unity, because (-1)'^=1. 
Now i is primitive, because i^ 1. 
But (-1) is not primitive because (-1)^=1. 
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Let us see one more example of a group. From the complex numbers, a 
very special discrete set is that of nth roots of unity, which by definition is 

cjW = e C I = 1} = {e'^^ = 1, 2, . . . , n}, 

since (e*^'^)" = e*^'^'^ = 1 for any A; G Z. Note that the polynomial X" — 1 = 
has at most n roots, and we found already n of them, given by e*^'^, k = 
1, . . . ,n, thus there is no another nth root of unity. 

The set cj^"^ of nth roots of unity forms a group under multiplication. 

Indeed, (a) closure is satistifed: e^^'^^e^^''^ = g«if (^1+^2) ^ ^{n)^ (^-j^-^ jg 
associativity, (c) The identity element is 1. Finally (d) every element in o;^"-* 
is invertible: (e*^'^^)""'^ = e^~^^~'''^\ 

We also have commutativity since e^^'^^e*"^'^^ = e*^^^^"'"'^^) = e^^'^^e*^'^^ 

An nth root of unity u is said to be primitive if n is the smallest positive 
integer for which cj" = 1. But then, since o;*^"^ has n elements, all the nth 

■ 27V 

roots of unity are obtained as a power of u\ For example, take u = e*^ (you 
may want to think of another example of primitive nth root of unity!), then 

= e^^^ k = l,...,n} =u;("). 

We just proved the following: 

Proposition 7. The group {uj^'^\ ■) of nth roots of unity is a cyclic group of 
order n generated by a primitive nth root of unity, e.g. u = e*^ . 

Example 8. Consider {uj^^\ ■) = ({1, e*^, e*^^}, ■). There are two primitive 
roots of unity. Set oj = e"^ . The Cayley table of (0;*^^^ ■) is 





1 






1 


1 


UJ 




(jj 


w 




1 






1 


UJ 



Example 9. Consider {ijJ^^\ ■) = ({!,«, —1, —i}, ■), with Cayley table 





1 


i 


-1 


—i 


1 


1 


i 


-1 


—i 


i 


i 


-1 


—i 


1 


-1 


-1 


—i 


1 


i 


—i 


—i 


1 


i 


-1 



So 2 is a primitive 4th root of unity since i 7^ = — 1,^^ = —i,i'^ = 1 
and {i) = uj^^\ but —1 is not a primitive root because (—1)^ = 1. 
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QrcnXp Str lecture/ ofKooty of U mty 

• nth roots of unity form a group with respect to multiplication, 
the identity element is 1 (which is a root of unity!) 

• It is an abelian group. 

• It has order n. 



• It is cyclic, generated by a primitive root! 




^rtK/ rooty of Lvnity 

* \ = 4rth primitive root of unity 

• The group of 4rth roots of unity is {1, i^=-l, i^=-i } 
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So far we have seen many examples of groups: integers mod n with addi- 
tion, invertible integers mod n with multiphcation, nth roots of unity with 
multiphcation, M with addition, M* with multiphcation, and all those groups 
we saw as symmetries (that of the square, of the rectangle, of triangles...) 
with composition. Among them, some were infinite, some were finite, some 
were cyclic, some not, some of the groups were abelian, some were not. 

The time has come ("the Walrus said" . . .) to sort things out a bit, and 
try to "quantify" the similarity or dissimilarity of the group structures we 
encountered in our "group zoo" . 

We start here to develop tools for analyzing and classifying group struc- 
ture. Suppose we are given two groups (G, ■) and {H, *) with possibly differ- 
ent sets G, H and respective binary operation ■ and *. 

Definition 11. A map f : G ^ H which obeys 




in H 

is called a group homomorphism. 

Recall that a map f : G ^ H which takes elements of the set G and pairs 
them with elements of H is called 

• injective or one-to-one, if no two different elements (71,(72 of G map to 
the same he H, i.e., f{gi) 7^ f{g2) if gi 7^ fi'2- 

• surjective or onto if for all h e H, there exists g E G so that f{g) = h. 

• bijective if it is both injective and surjective. 

Definition 12. If / : G — t- is a group homomorphism and also a bijection, 
then it is called a group isomorphism. We then say that G and H are 
isomorphic, written G c::^ H. 

Maybe it will be easier to remember this word by knowing its origin: 
iso = same, morphis = form or shape. Let us see a first example of group 
homomorphism. 
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€)cample4r' of QroiXpy we/ ^ow 





law 


Identity element 


order 


abelian 


Integers mod n 


+ 





n 


yes 


Invertible integers mod n 


* 


1 




yes 


nth roots of unity 


* 


1 


n 


yes 


R 


+ 





infinite 


yes 


R \{o} 


* 


1 


infinite 


yes 


Symmetries of square 


o 


Do-nothing 


8 


no 


Symmetries of rectangle 





Do-nothing 


4 


Yes 


Symmetries of equilateral 
triangle 


o 


Do-nothing 


6 


no 


Symmetries of isosceles 
triangle 





Do-nothing 


2 


yes 



Time/ to- ^ni: out things! 

Let (G,-), (H,*) be two groups. A map f: G is called a group 
homomorphism if f{g-h)=f(g)*f(h). 

A group homomorphism is a map that preserves the group 
structure. 

A group homomorphism is called a group isomorphism if it is a 
bijection. 

If there is a group isomorphism between two groups G and H, 
then G and H are said to be isomorphic. Two groups which are 
isomorphic are basically "the same". 
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Example 10. Consider the group {Ta/AIa^ +) of integers mod 4, as in Exam- 
ple 6, with Cayley table 








1 


2 


3 








1 


2 


3 


1 


1 


2 


3 





2 


2 


3 





1 


3 


3 





1 


2 



and the group (a;^^^ •) of 4rth roots of unity whose Cayley table 





1 


i 


-1 


—i 


1 


1 


i 


-1 


—i 


i 


i 


-1 


—i 


1 


-1 


-1 


—i 


1 


i 


—i 


—i 


1 


i 


-1 



was computed in Example 9. These two groups are isomorphic, which can 

be seen on the Cayley tables, because they arc the same, up to a change of 
labels (1 •H- 0,i •H- 1,-1 •H- 2,— i •H- 3). Formally, we define a map 

/ : (Z/4Z, +) ^ •), m ^ ^ . 

Firstly, we need to check that it is well defined, that is, if we choose m! = m 
mod 4, then f{m') = f{m) : 

f{m') = /(m + 4r) = = i"*, re Z. 

It is a group homomorphism, since f{n + m) — — i^i^ = f{n)f{m). It 
is also a bijection: if f{n) — f{m), then i" = and n = m mod 4, which 
shows injectivity. The surjectivity is clear (check that every element has a 
preimage, there are 4 of them to check!) 
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M-rdv rooty of lA^uty vylv\teaery wiod/ 4 

\ \ 

























1 


1 


i 


-1 


-i 










1 


2 


3 


i 


i 


-1 


-i 


1 




1 


1 


2 


3 





-1 


-1 


-1 


1 


i 




2 


2 


3 





1 


-i 


-i 


1 


i 


-1 




3 


3 





1 


2 



The two tables are the same, up to a change of labels: 1 O 0,101,-1 02,-i <->3 

Let us define a map f: {Integers mod 4} -> {4rth root of unity}, n -> i" 

• It is a group homomorphism: f(n+m)= \"^*"= i"^ i" = f(n)f(m). 

• It is a bijection: if f(n)=f(m) then i"=i'" -> n=m mod 4 shows injectivity. This is 
clearly surjective. 



Iriteaery wiod/ ^- vyKotcvtCon/ofZTC/^ 

I \ 
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The two tables are the same, up to a change of labels: 1 <r> 0,rOl, r^<r^2, r^<-^3 
Let us define a map f: {integers mod 4} -> {rotation of 2ti/4}, n -> r" 

• It is a group homomorphism: f(n+m)= r'^+"= r"' r" = f(n)f(m). 

• It is a bijection: if f(n)=f(m) then r"=r'" -> n=m mod 4 shows injectivity. This is 
clearly surjective. 
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Example 11. Similarly, we can show that the group (Z/4Z, +) is isomorphic 
to the group of rotations by an angle of 27r/4, whose Cayley table is 





1 


r 


^2 


^3 


1 


1 


r 


^2 


^3 


r 


r 




^3 


1 






^3 


1 


r 




^3 


1 


r 


^2 



by considering the map 

/ : (Z/4Z, +) — )■ (rotations of the square, o), n i->- r". 

It is well-defined (as in the above example) and is a group homomorphism, 
since f{n + m) = r"^+^ = r"'r"'' = f{n)f{m). It is also a bijection: if 
/(n) = /(m), then = r"* and n = m mod 4, which shows injectivity. The 
surjectivity is clear as above. 

Let us summarize briefly what happened in this chapter. In the first 
half, we showed that we already know in fact more groups than we thought! 
The list includes the integers modulo n with addition, the invertible integers 
modulo n with multiplication, the roots of unity, etc 

We then decided to start to classify a bit all these groups, thanks to the 
notion of group isomorphism, a formal way to decide when two groups are 
essentially the same! We then showed that integers mod 4, 4rth roots of 
unity, and rotations of the square are all isomorphic! We will see more of 
group classification in the coming chapters! 
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CHAPTER 4. THE GROUP ZOO 



Exercises for Chapter 4 

Exercise 21. We consider the set C of complex numbers. 

1. Is C a group with respect to addition? 

2. Is C a group with respect to multiphcation? 

3. In the case where C is a group, what is its order? 

4. Can you spot some of its subgroups? 

Exercise 22. Ahce and Bob have decided to use Caesar's cipher, however 
they think it is too easy to break. Thus they propose to use an affine cipher 
instead, that is 

exix) — kix + k2 mod 26, K — (ki, k^)- 

Ahce chooses K = (7. 13). while Bob opts for K = (13, 7). Which cipher do 
you think will be the best? Or are they both equally good? 

Exercise 23. Show that the map / : (K, +) (K*,-); ^ ^ exp(x) is a 
group homomorphism. 

Exercise 24. Show that a group homomorphism between two groups G and 
H always maps the identity element 1g to the identity element 1h- 

Exercise 25. In this exercise, we study a bit the invertible integers modulo 
n. 

1. Take n = 5, and compute the group of invertible integers modulo 5. 
What is the order of this group? Can you recognize it? (in other 
words, is this group isomorphic to one of the groups we have already 
classified?) 

2. Take n = 8, and compute the group of invertible integers modulo 8. 
What is the order of this group? Can you recognize it? (in other words, 
is this group isomorphic to one of the 

groups we have already classified?) 
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Exercise 26. Let / be a group homomorphism f : G ^ H where G and H 
are two groups. Show that 

fig-') = fig)-'- 

Exercise 27. Consider the group (Z, +) of integers under addition. Let H 
be a subgroup of Z. 

1. Show that H is of infinite order. 

2. Use the Euchdean division algorithm to show that H is generated by 
a single element. 

3. Find a subset of Z which forms a multiplicative group. 

Here is a guided version of this exercise. Please try to do the normal version 
first! 

1. Recall first what the order of a group is, to understand what it means 
for H to be of infinite order. Once this is clear, you need to use one 
of the properties of a group! If you cannot see which one, try each of 
them (can you cite the 4 of them?) and see which one will help you! 

2. This one is more difficult. You will need to use a trick, namely use the 
minimality of some element... In every subgroup of Z, there is a smallest 
positive integer (pay attention to the word "subgroup" here, this does 
not hold for a subset!). 

3. To have a multiplicative group (that is a group with respect to mul- 
tiplication), you need to define a set, and make sure this set together 
with multiplication satisfies the usual 4 properties of a group! 

Exercise 28. When we define a map on equivalence classes, the first thing 
we must check is that the map is well defined, that is, the map is independent 
of the choice of the representative of the equivalence class. In this exercise 
we give an example of a map which is not well defined. 
Recall the parity map sgn : Z — > Z/2 

sgn{2k + 1) 1 

sgn{2k) ^ 

Let Z/5Z be the group of integers modulo 5. Let us attempt to define the 
map sgn : a (-> sgn[a). Show that sgn is not well-defined on Z/5Z. 
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Chapter 5 

More Group Structures 



"The theory of groups is a branch of mathematics in which one 
does something to something and then compares the results with 
the result of doing the same thing to something else, or something 
else to the same thing. Group theory lets you see the similarities 
between different things, or the ways in which things can't be dif- 
ferent, by expressing the fundamental symmetries. "(J. Newman, 
Mathematics and the Imagination.) 

In the 4 previous chapters, we saw many examples of groups, coming from 
planar isometries and from numbers. In Chapter 4, we started to classify a 
bit some of our examples, using the notion of group isomorphism. The goal 
of this chapter is to continue this classification in a more systematic way! 

What happened in Examples 10 and 11 is that the three groups considered 
(the integers mod 4, the 4rth roots of unity, and the rotations of the square) 
are all cyclic of order 4. As we shall see next, all cyclic groups of a given 
order are in fact isomorphic. Hence, from a structural point they are the 
same. We shall call the equivalent (up to isomorphism) cyclic group of order 

n, or the infinite cyclic group, as respectively 

the cyclic group C„ of order n if n < oo, or the infinite cyclic group Coo otherwise. 

Theorem 6. Any infinite cyclic group is isomorphic to the additive group 
of integers (Z, +) . Any cyclic group of order n is isomorphic to the additive 
group (Z/nZ, +) of integers modn. 

Before starting the proof, let us recall that (Z, +) is cyclic, since Z = 
(1) = (—1). Its order is |Z| = oo. 
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CHAPTER 5. MORE GROUP STRUCTURES 



They CydUo QrcnXp 

• We just saw 3 cyclic groups of order 4, all of them with same 
multiplication table. They are essentially the "same group", 
thus to analyze them, there is no need to distinguish them. 

Theorem . An infinite cyclic group is isomorphic to the additive 
group of integers, while a cyclic group of order n is isomorphic 
to the additive group of integers modulo n. 

This is also saying that there is exactly one cyclic group (up 
to isomorphism) whose order is n, denoted by and there 
is exactly one infinite cyclic group. 



Proxyf of Theorem/ 

A cyclic group is generated by one 
pgj.^ element (multiplicative notation) 

• Let G be an infinite cyclic group, G=<x>, g of order infinite. 
Define the map f:{group of integers}->G, f(n)=x". 

• This is a group homorphism: f(m+n)= x""^"^ = x"x'^=f(m)f(n). 

• This is a bijection, thus we have a group isomorphism. 

Part 2 

• Let G be a cyclic group of order n, G=<x>, with g of order n. 
Define the map f:{group of integers mod n}->G, f(n)= x". 

• This is a group homorphism: f(m+n)= x""^"^ = x"x'^=f(m)f(n). 

• This is a bijection, thus we have a group isomorphism. 
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Proof. Let G be a cyclic group. Whether it is finite or not, a cychc group is 
generated by one of its elements g, i.e., (g) — G. Define the map 

( f -.Z^G, f{k) = g'' if IGI = oo 

\ / : Z/nZ ^ G, f{k) = g'' if \G\ ^ n< oo. 

Note that / : Z/nZ — )■ G is well-defined, since it does not depend on the 
choice of /c as a representative of the equivalence class of k mod n. Indeed, 
iik' = k mod n, then k' — k + sn for some integer s, and 

f{k') = f{k + sn) = g'^^"^ = g^g^- = g\ 

This map is bijective (one-to-one and onto) and 

/(A; + /)=/+' = <7'-^' = /(fc) •/(/), 

hence it is a homomorphism that is bijective. It is then concluded that / is 
an isomorphism between the integers and any cyclic group. □ 

Example 12. With this theorem, to prove that the integers mod 4, the 4rth 
roots of unity, and the rotations of the square are isomorphic, it is enough 
to know that are all cyclic of order 4. Thus 

G4 ~ (Z/4Z, -I-) ~ •) ~ (rotations of the square, o). 

We can summarize the cyclic groups encountered so far: 



group 


Cji 


order n 


integers mod n (+) 


Cn 


order n 


nth roots of unity (•) 


Cn 


order n 


rotations of regular polygons with n sides 


Cn 


order n 


symmetries of isosceles triangles 


C2 


order 2 


(Z,+) 


Coo 


infinite order 



Now that we know that cyclic groups are all just instances of the abstract 
cyclic group G„ for some n e N or n = 00, we can ask ourselves how much 

structure exists in G„ as a function of the properties of the number n G N. 
This is important, because every instance of G„ will naturally inherit the 
structure of CJ. We start with the subgroups of Cn- 
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Idea/ of the/ Proof 



-10 12 



integers 



Mill 



cyclic group 
<g> 



g-2 g-1 l=gO gl .2 



Group 


order 


c„ 


integers mod n 


n 


c„ 


nth roots of unity 


n 


c„ 


Symmetries of the 


2 


C2 


isosceles triangle 






Subgroup of rotations of 90 
degrees of the square 


4 


C4 


Subgroup {0,2} of the 
integers mod 4 


2 


C2 
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Theorem 7. Subgroups of a cyclic group are cyclic. 

Proof. Let {G, ■) be a cyclic group, denoted multiplicatively, finite or infinite. 
By definition of cyclic, there exists an element g & G so that G = (g). Now 
let if be a subgroup of G. This means that H contains 1. If = {!}, it is a 
cyclic group of order 1. If if contains more elements, then necessarily, they 
are all powers of g. Let m be the smallest positive power of g that belongs 
to H, i.e., g'^ e H (and g,g'^ , . . . , g'^~^ ^ H). We must have by closure 
that {g'^) is a subgroup of H . Assume for the sake of contradiction that 
there exists g^ & H,t > m and g* ^ (S'"*)- Then by the Euclidean division 
algorithm, 

t — mq + r, < r < m — 1. 

Therefore 

and since g'^'^ is invertible, we get 

g^^ = g'^g'eH. 

But r is a positive integer smaller than m, which contradicts the minimality 
of m. This shows that g must belong to {g"") (i.e., r = 0) and hence {g"") 
will contain all elements of the subgroup H, which by definition is cyclic and 
generated hy g. □ 

Wc next study the order of elements in a cyclic group. 

Theorem 8. In the cyclic group Gn, the order of an element g^ where (g) = 
Gn is given by \g''\ =n/ gcd{n,k). 

Proof. Recall first that g has order n. Let r be the order of g''. By definition, 
this means that {g^}'' = 1, and r is the smallest r that satisfies this. Now 
we need to prove that r — n/ gcd(n, /c), which is equivalent to show that (1) 
A^u^ and (2) — #-rr|r. 

Step 1. Wc know that g^"^ = 1 and that g has order n. By definition of 
order, kr > n. Suppose that kr > n, then we apply the Euclidean division 
algorithm, to find that 

kr ^nq + s, < s < n ^ g'''' ^ g'^'^g^ ^ g^ e G 

and s must be zero by minimality of n. This shows that n \ rk . 
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S u2ygr(ytApy of cv CyoUc/ QrcnXp 

Proposition 

Subgroups of a cyclic group are cyclic. 



A cyclic group is generated by one 
element (multiplicative notation) 



Proof. G is a cyclic group, so G=<x>. Let H be a subgroup of G. If 
H={1}, then it is cyclic. Otherwise, it contains some powers of x. 
We denote by m the smallest power of x in H, and <x'^> < H. 

Let us assume that there is some other x' in H, then f"^^^ 

I 1 subgroup 

by minimality of m, i>m, and we can compute the 
Euclidean division of i by m: x' = •xS^'^*'', <r<m. 



of H 



Thus x'' in H and by minimality of m, r=0, so that x' = x"^'^ and 
every element in H is in <x'^> . 



Order of Elements t>v a/ CyoUo QrotXp 

Proposition. Let G be a cyclic group of order n, generated by g. 
Then the order of g'^ is |g'^|=n/gcd(n,k). 

\\ , 

Order is the smallest positive 
integer r such that (g^)'' is 1 

Before we start the proof, let us check this statement makes sense! 

Recall that G is cyclic generated by g means that G={1, g, g^,..., 
g"-i}, and g"=l. 

^ If k =n, then g''= g"=l and n/gcd(n,k)=n/n=l thus |1|=1. 
If k=l, then g'^=g and n/gcd(n,k)=n thus |g|=n. 
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Step 2. Using 

gcd(n, A;)|n and gcd(n, A;)|A;, 



with n\kr, we get 



n 




gcd(n,fe) 


gcd(n,fc) 



gcd{n,k) I 



Step 3. But gcd( g^^"^ gg^fn fc) ) ~ ^ from which we obtain 

which conclude the proof of (2)! We are now left with (1), namely show that 
r must divide n/ gcd(n, k). 
Step 4. Note that 

^gk-^n/ gcd{n,k) _ ^gU-^k/ gcd{n,k) _ ^ 

Now we know that r is the smallest integer that satisfies {g'^Y — 1 thus 
n/ gcd{n, k) > r, and using again the Euclidean division algorithm as we did 
in Step 1, we must have that 



n 



qr + s^ (/) 5^3^ = (/)'"^+', < s < r. 



gcd(n, k) 
This would imply 

1 = 1 • ^ s = 0. 

Hence r I — ttSt • 

I gcdln.k) 



□ 



Example 13. The order of 1 is 111 = Ig"! = — 7 = 1, and the order of q 

\ \ \j \ gcd(n,nj ' 

is IqI = J} ,x = n. 

Combining the fact that a cyclic group of order n has cyclic subgroups 
generated by its elements {g^}, and the fact that the orders of these elements 
are l^r^^l = n/ gcd(n, A;), we can prove one more result regarding the order of 
subgroups in a cyclic group. 

Theorem 9. The order of a (cyclic) subgroup of a group Cn divides the order 
of the group. 

Proof. We have seen in Theorem 7 that if G = {g) and if is a subgroup of 
G, then 

H = {g"^) 

for some m. We have also seen in Theorem 8 that \g"^\ is n/ gcd(n, m), hence 
I if I = Ig™! = —Ji — ^. Now by definition, 

I I i.^" I gcd(n,m) •' ' 

n , 

n. 



gcd(n, m) 



□ 
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CHAPTER 5. MORE GROUP STRUCTURES 



Proof of they Propo^rCtCon/ 

• Given we have to check that its order r is n/gcd(k,n). This is 
equivalent to show that r| n/gcd{k,n) and n/gcd{k,n) | r. 

• Step 1 : g'^ has order r means g'^''= 1, which implies n | kr. 

n is the smallest integer such that g" =1, thus if g^'' =1, kr>n and by Euclidean 
division, kr =nq+s, <s<n. But then l=g^ g"''*^ = g^ showing that s=0 my 
minimality of n. 

• Step 2: gcd(k,n) | k and gcd(k,n) | n thus n/gcd(k,n) | (k/gcd(k,n))r. 

• Step 3 : n/gcd(k,n) and k/gcd(k,n) are coprime thus n/gcd(k,n) | r. 

• Step 4: only left to show that r | n/gcd(k,n). But (gk)n/gcd(k,n)=i 
thus r I n/gcd(k,n) [if you understood Step 1, this is the same 
argument!] 



Order ofSuh^oupy in/ o/ CydUo Qroxxp 

• We have seen: every subgroup of a cyclic group is cyclic, and if 
G is cyclic of order n generated by g, then has order 
n/gcd(k,n). 

• What can we deduce on the order of subgroups of G? 

•Let H be a subgroup of G. Then H is cyclic by the first result. 
•Since H is cyclic, it is generated by one element, which has to be 
some power of g, say g^. 

•Thus the order of H is the order of its generator, that is n/gcd(n,k). 

OS ^ 

In particular, the order of a subgroup divides 

the order of the group! 
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The beauty of these results is that they apply to every instance of the 
cyclic group C„. One may work with the integers mod n, with the nth roots 
of unity, or with the group of rotations of a regular polygon with n sides, it 
is true for all of them that 

• all their subgroups are cyclic as well, 

• the order of any of their elements is given by Theorem 8, 

• and the size of every of their subgroups divides the order of the group. 

If we think of the type of searches we did in the first chapters, where we were 
looking for subgroups in the Cayley tables, it is now facilitated for cyclic 
groups, since we can rule out the existence of subgroups which do not divide 
the order of the group! 

Example 14. Let us see how to use Theorem 8, for example with 4rth roots 
of unity. We know that —1 = i^, thus n — A, k — 2, and the order of —1 is 

n 4 

= - — 2 

gcd(n, k) 2 ' 

as we know! 

Example 15. Let us see how to use Theorem 8, this time with the integers 
mod 4. Let us be careful here that the notation is additive, with identity 
element 0. Recall that the integers mod 4 are generated by 1. Now assume 
that we would like to know the order of 3 mod 4. We know that A; = 3 and 
n = 4, thus 

_ _ 4 
gcd(n, k) 1 

and indeed 

3+3 = 6 = 2 mod 4, 3+3+3 = 9 = 1 mod 4, 3+3+3+3 = 12 = mod 12. 

This might not look very impressive because these examples are small 
and can be handled by hand, but these general results hold no matter how 
big Cn is! 
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Thus these results apply to all the cyclic groups we have seen: 

• nth roots of unity 

• integer mod n 

• rotations of 2n/n 



^i^th/ root of unUy/ lyite^erywiod/^ 

• We saw that i is a primitive root, thus it generates the cyclic 
group of 4rth roots of unity. 

• To determine the order of -1, we notice that -1= i^. 

• Now we only need to compute n/gcd(n,k)=4/gcd(4,2)=2. 

• What is the order of 3 mod4 ? 

• We recall that the integers mod 4 are generated by 1. 

• Thus 3=k, n=4, and we compute n/gcd(k,n)=4/gcd(3,4)=4. 
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We will now start thinking the other way round! So far, we saw many 
examples, and among them, we identified several instances of the cyclic group 
Cn (integers mod n with addition, nth roots of unity with multiplication, 
rotations of regular polygons with n sides...). We also saw that Cn exists for 
every positive integer n. Surely, there are more groups than cyclic groups, 
because we know that the group of symmetries of the equilateral triangle 
seen in the exercises (let us call it Z?3 where 3 refers to the 3 sides of the 
triangle) and the group of symmetries of the square (let us call it D^, where 
4 again refers to the 4 sides of the square) are not cyclic, since they are not 
abelian! (and we proved that a cyclic group is always abelian...) The "D" 
in D3 and -D4 comes from the term "dihedral" . 



order n 


abelian 


non-abelian 


1 


Ci ^ {1} 




2 


C2 




3 






4 






5 






6 




D3 


7 






8 


Cs 





The next natural question is: what are possible other groups out there? 
To answer this question, we will need more tools. 

Definition 13. Let (G, •) be a group and let H he a, subgroup of G. We call 
the set 

gH = {gh\heH} 

a left coset of H. 

We have that gH is the set of elements of G that we see when we multiply 
(i.e., combine using the group operation ■) the specific element g E G with 
all the elements of H. Similarly, a right coset of H is given by 

Hg = {hg\h e H}. 

If the group is not abelian, there is a need to distinguish right and left cosets, 
since they might not be the same set! 
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Find more groups: either we look for some other examples, or 
for some more structure! 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 


C2 




3 


C3 




4 


C4 




5 


Cs 




6 






7 


C7 




8 




D4 



infinite ]K 



More/ StruLcturey: Ccnety 



Let G be a group, and H a subgroup of G. 
The set gH={gh, h in H} is called a left coset of H. 
The set Hg={hg, h in H} is called a right coset of H 





The operation used is the binary 
operation of the group! 



For example: take G to be the dihedral group D^, and 
H=<r>={l,r,r2,r^}. Then <r>m ={m,rm,r2m,r^m} is a right coset of H. 
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It might help to think of a coset as a "translation of a subgroup H" by 
some element g of the group. 

Example 16. Let G be the group of integers mod 4, and let H be the 
subgroup {0, 2}. The coset 1 + H is 1 + H ^ {1,3}. 

Example 17. Let G be the group of symmetries of the square, denoted by 
D4, and let H be the subgroup {l,r, r^,r^} of rotations. The coset Hm is 
Hm — {m, rm, r^m, r^m}. 

Let us see a few properties of cosets. 

Lemma 2. Let G be a group, and H be a subgroup. 

1. For every g & G, g G gH and g e Hg. 

2. We have gH — H if and only if g & H. 

Proof. 1. Since if is a subgroup, 1 E H, hence g ■ 1 & gH that is g & gH. 
Similarly 1 • g & Hg showing that g e Hg. 

2. Suppose first that g E H. Then gH consists of elements of H, each 
of them multiplied by some element g of H. Since if is a subgroup, 
gh E H and gH C H. To show that H C gH, note that 

g-^h eH ^ g{g~^h) EgH^hEgH 

for every h E H\ 

Conversely, if gH — H, then gh E H for every h, and g ■ 1 E H. 

□ 

The next lemma tells us when two cosets are the same set! 

Lemma 3. Let G be a group with subgroup H. Then 

giH = g2H g];^g2 E H, 5(1,5(2 E G. 

Proof. If ^lii" = g2H, then {gih\h E H} = {g2h\h E H} and there exists an 
h E H such that gih = g2 ■ 1, which shows that h = gi^g2 ^ H. 

Conversely, if 5f ^52 ^ H, then g^^g2 = h E H and g2 = gih which shows 
that g2H — giHH = giH, where the last equahty follows from the above 
lemma. □ 
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How to-Vi^M^cCU^Coiety? 

Write a left coset using the additive notation of the binary 
operation of the group, that is 

g+H={g+h, h in H}. 

Then a coset of H can be seen as a translation of Hi 



G= {0,1,2,3} integers modulo 4 
H={0,2} is a subgroup of G. 
The coset 1+H ={1,3}. 

G 

2 13 



D4={1, r,r2,r^m,rm,r2m,r^m} 

H=<r>={l,r,r2,r^} subgroup of G. 
The coset <r>m={m,rm,r2m,r^m} 

m rm r^m r^m 



Scvmey Ccnety? 

Again G= {0,1,2,3} integers modulo 4, with subgroup H={0,2}. 
All cosets of H: 0+H={0,2}, 1+H = {1,3},2+H={0,2},3+H={3,1} . 

Some cosets are the same! When does it happen? 
Lemma. We have giH=g2H if and only if g{'^ is in H. 

Proof. If g^H=g2H then g^^ -1 = gjh that is h =g^~^ gj which shows 
that g^"^ gj is in H. 



H is a subgroup! 



Conversely, if g^"^ g-^ is in H, then g^"^ g-^ =h for some h in H, and 
g2 = gjh which shows that g2H= g^ hH = g^H. 



107 



We next show that cosets of a given subgroup H of G have the property 
of partitioning the group G. This means that G can be written as a disjoint 
union of cosets! That 

G = [jgH 

comes from the fact that g runs through every element of G (and g G gH), 
thus the union of all cosets gH will be the group G. To claim that we have a 
partition, we need to argue that this is a disjoint union, namely that cosets 
are either identical or disjoint. 

Proposition 8. Let G be a group with subgroup H, and let gi,g2 be two 
elements of G. Then either giH — g2H or g\H fl g2H — 0. 

Proof. If the intersection of giH and g2G is empty, we are done. So suppose 
there exists an element g both in giH and in g2H. Then 

g^gih^ g2h' 

thus 

giHH = g2h'H giH = g2H, 
using Lemma 2. □ 

Example 18. We continue Example 16. Let G be the group of integers mod 
4, and let H be the subgroup {0, 2}. The cosets of H are 1 + H = {1,3} and 
+ H^{0, 2}. We have 

G = {1 + H)U{0 + H). 

Example 19. . We continue Example 17. Let G be the group of symmetries 

of the square, denoted by D4, and let H be the subgroup {1, r, r^, r'^} of rota- 
tions. The cosets of H are Hm — {m,rm,r'^m,r^m} and H — {l,r,r^,r^}. 
We have 

L>4 = Hm U H. 

We need a last property of cosets before proving a fundamental theorem 
of group theory! 
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Coirety partCtCon/ the/ QrcnXp I 

Let G be a group, with subgroup H, and take all the cosets g/-/ of H. 
Since g takes every value in G, and H contains 1, the union of all 
cosets is the whole group: G= U gH. 

We now prove that two cosets gj^H and g2H are either identical or 
disjoint! 

Suppose there exists an element g both in g^^H and in gjH, then g = 
gih =g2h'. Thus g^hH = g^H = g2h' H=g2H. 



G= {0,1,2,3} integers modulo 4 

H={0,2} is a subgroup of G. 
Thecosetl+H ={1,3}. 

G 

2 13 



G = {0,2}U{1, 3} = HU(1+H) 



D4={1, r,r2,r3,m,rm,r2m,r^m} 

H=<r>={l,r,r2,r^} subgroup of G. 
The coset <r>m={m,rm,r^m,r^m} 



D. 


1 r r^ r^ 


m rm r^m r^m 





D4 = {l,r,r2,r^} U {m rm r^m r^m} 
= <r> U <r>m 
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Proposition 9. Let G be a group with subgroup H. Then 

\H\ = \gH\, geG. 
In words, cosets of H all have the same cardinality. 

Proof. To prove that the two sets H and gH have the same number of ele- 
ments, we define a bijective map (one-to-one correspondence) between their 
elements. Consider the map: 

Xg : H gH, h h-)- \g{h) = gh. 

This map is injective (one to one): indeed 

Xg{hi) = \gih2) =^ ghi = gh2 

and since g is invertible, we conclude that hi = h2. 

This map is surjective (onto): indeed, every element in gH is of the form 
gh, and has preimage h. □ 

Example 20. We continue Example 18. Let G be the group of integers mod 
4, and let H be the subgroup {0, 2}. We have 

\1 + H\ = |{1,3}|=2 
\H\ = |{0,2}|. 

Example 21. We continue Example 19. Let G be the group of symmetries 
of the square, denoted by D4, and let H be the subgroup {l,r, r^,r^} of 
rotations. We have 

\Hm\ = \{m,rm,r'^m,r^m}\ = 4, 
\H\ = \{l,r,r',r% 

We are finally ready for Lagrange Theorem! 



110 



CHAPTER 5. MORE GROUP STRUCTURES 



We have |gH| = |H| (the cardinality of a coset of H is the 
cardinality of H). 

The two sets gH and H are in bijection. 

Indeed, consider the map A.g:H-> gH, that sends h to gh. 

• for every gh in gH, there exists a preimage, given by h. 

• if two elements h and h' are mapped to the same element, 
then gh=gh', and it must be that h=h'. 



G= {0,1,2,3} integers modulo 4 r,r2,r3,m,rm,r2m,r3m} 




H={0,2} is a subgroup of G. 



H=<r>={l,r,r^,r^} subgroup of G. 







2 



1 



3 



G 



1 r r^ r^ 



D4 

m rm r^m r^m 



|<r>| = |<r>m| 



H 1= ll+Hl =2 



Ill 



Theorem 10. Let G be a group and H be a subgroup of G. Then 

\G\ = [G : H]\H\ 

where [G : H] is the number of distinct left (or right) cosets of H in G. If 
\G\ is finite, then 



[G:H] = 




and \H\ divides \G\. 

Note that this also shows that the number of distinct left or right cosets 
is the same. It is called the index of H in G. 

Proof. We know that the cosets of H partition G, that is 

r 

G=[j QkH, 

k=l 

where r = [G : H] is the number of distinct cosets of H. 

We have also seen that \gH\ = \H\ in Proposition 9, i.e., all the cosets 
have the same cardinality as H. Therefore 

r 

\G\=Y,\9kH\=r\H\ = [G:H]\H\. 

k=l 

□ 

Example 22. We finish Example 16. Let G be the group of integers mod 4, 
and let H be the subgroup {0, 2}. The cosets of H are 1 + H = {1,3} and 
+ H = {0, 2}. Then [G : H] = 2 and 

IGI = [G : H]\H\ = 2\H\ = 4. 

Example 23. We also finish Example 17. Let G be the group of symmetries 
of the square, denoted by i54, and let H be the subgroup {1, r, r^, r^} of rota- 
tions. The cosets of H are Hm = {m,rm,r'^m,r^m} and H = {l,r, r^,r^}. 
Then [G : H] = 2 and 

\Di\ = [G : H]\H\ = 2\H\ = 8. 
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LcigrcvngeyThe<>rem/ 



The number of cosets of H in G is called the index of H in G , 
denoted by [G:H]. 



Lagrange Theorem . Let G be a group, 
then I G I =[G:H] I H I . If I G I «>o, then 
|G|/|H|=[G:H]thatis the order ofa 
subgroup divides the order of the group. 



Proof. The cosets of H partition G, thus 
I G I =1 I gH I . Since | gH | = | H | , we have 
|G| =1 |H|, and thus |G| = |H| -(number of 
terms in the sum)= |H| [G:H]. 




Joseph Louis Lagrange 
(1736-1813) 



LcLgrcvng^ Thexyrem/i E)UMnple^ 

G= {0,1,2,3} integers modulo 4 r,r2,r3,m,rm,r2m,r3m} 
H={0,2} is a subgroup of G. H=<r>={l,r,r2,r3} subgroup of G. 



D. 


1 r r^ r^ 


m rm r^m r^m 





|Dj=8 = [G:H]|H|=2-4 

|G|=4= [G:H]|H|=2-2 
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Lagrange Theorem has many consequences. 

Corollciry 2. Let G be a finite group. For any g E G, the order \g\ of g 
divides the order of the group \G\. 

Proof Consider the subgroup of G generated by g: 

The order of this subgroup is \g\. Hence by Lagrange Theorem, we have 

\g\ divides \G\. 

□ 

This for example explains why the group of symmetries of the square 
contains only elements of order 1,2, and 4! 

Corollciry 3. A group of prime order is cyclic. 

Proof. Let G be a group of order p, for a prime p. This means elements of G 
can only have order 1 or p. If 51 is not the identity element, then g has order 
p, which shows that G is cychc. □ 

Let us now go back to our original question about finding new groups. 
What we just learnt is that if the order is a prime, then there is only the 
cyclic group Gp. Thus (boldface means that the classification is over for this 
order) : 



order n 


abelian 


non-abelian 


1 


Ci ^ {1} 


X 


2 


C2 


X 


3 


Cs 


X 


4 


C4 




5 


c. 


X 


6 


Ce 


D3 


7 


G7 


X 


8 


Gs 
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Corollary 1 of Lagrcvnge/ Theorem/ 

Corollary. Let G be a finite group. The order of an element of 
G divides the order of the group. 

Proof. Let g be an element of G. Then H=<g> is a subgroup of G, 
with order the order of g (by definition of cyclic group!). Since the 
order of H divides | G | , the order of g divides | G | . 

Example. ={1, r/^/^m/m/^m/^m}. 

Since | D4 | =8, elements of D4 have order 1, 2, 4 (it cannot be 8 
because this is not a cyclic group!)^ \Ne'f^Zk^^^wltf^ 

cyclic groups! ^ J 
Cr |gM=n/gcd(n,k) J) 



Corollary 2 of LcLgrcvnge/ Theorem/ 

Corollary. If | G | is a prime number, then G is a cyclic group. 

Proof. If I G I is a prime number p, then we know that the order 
of an element must divide p, and thus it must be either 1 or p, by 
definition of prime number Thus every element g which is not 
the identity has order p, and G=<g>. 

Example. If | G | =3, then G must be the cyclic group C3. 
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Since we cannot find any new group of order 2 or 3, let us look at order 

4. 

We can use a corollary of Lagrange Theorem that tells us that in a group 
of order 4, elements can have only order 1, 2 or 4. 

• If there exists an element of order 4, then we find the cyclic group C4. 

• If there exists no element of order 4, then all elements have order 2 
apart the identity. Thus we have a group G = {1, gi, g2, gs}- Let us 

try to get the Cayley table of this group. For that, we need to know 
whether gig2 is the same thing as 5'25'i---But gig2 is an element of G by 
closure, thus it has order 2 as well: 

(9192)^ = 91929192 = 1 ^ gm = 92^9i^- 
But now, because every element has order 2 

9l^^^ 9i^ ^91, f2 = 1 ^ 92^ = 92 
and we find that 

9i92 = 929i- 

Furthermore, gig2 is an element of G, which cannot be 1, g^i or g2, thus 
it has to be g^. 

Let us write the Cayley table of the group of order 4 which is not cyclic. 





1 


9i 


92 


91 92 


1 


1 


9i 


92 


9i92 


91 


91 


1 


9i92 


92 


92 


92 


9i92 


1 


91 


9i92 


9i92 


92 


91 


1 



We recognize the table of the symmetries of the rectangle! This group is 
also called the Klein group. 
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Find more groups: either we look for some other examples, or 
for some more structure: nothing new for prime orders! 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 


C2 


X 


3 


C3 


X 


4 


C4 




5 


Cs 


X 


6 




D3 


7 




X 


8 




D4 


infinite 


R 





Order 4 



• By Lagrange Theorem, a group of order 4 has elements with 
order 1,2 or 4. 

• If there exists an element of order 4, this is C4! 

• If not, all elements different than the identity are of order 2... 

Take g^ in G={1, g^^ g^, gj} thus g^g^ is in G and (gig2)(gig2)=l! 
This implies gig2=g2'^gi"^=g2gi and g^ commute with g2 ! 







gl 


Si 


S3"Sl62 


1 


1 


gl 


g2 


g3 


gl 


gl 


1 


g3 


g2 




gz 


g3 


1 


gl 


g3~glg2 


g3 


g2 


gl 


1 ^ 



This is the 
Klein 
Group! 
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We can update our table of small groups: 



order n 


abelian 


non- abelian 


1 


Ci ^ {1} 


X 


2 


C2 


X 


3 


C3 


X 


4 


C4, Klein group 


X 


5 




X 


6 




Ds 


7 


C7 


X 


8 


Cs 


D4 



Good news: we have progressed in our list of small groups, but we still 
have not found a group which is not a group of symmetries (up to isomor- 
phism!). We will get back to this question in the next chapter. For now, let 
us see a few more applications of Lagrange Theorem. 

CorollEiry 4. Let G be a finite group. Then 

yl^l = 1 

for every g & G. 

Proof. We have from Lagrange Theorem that l^^l | \G\, thus |G| = m\g\ for 
some integer m and hence: 

g\G\ ^ (^g\g\^m ^ ^ ^ 



□ 
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Find more groups: either we look for some other examples, or 
for some more structure: nothing new for order 41 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 


C2 


X 


3 


C3 


X 


4 


C4 Klein group 


X 


5 




X 


6 




D3 


7 




X 


8 




D4 


infinite 


R 





Corollary 3 of Lc^^cm^ Theorem/ 

Corollary. If | G | is finite, then gl°l =1. 

Proof. We know that the order of an element must divide | G | , 
thus the order of g, say | g | =k, must divide | G | , that is | G | =km 
for some m. Then gl°l = g^"' = (g^ )'^=1. 



Example. If G=D4, then r^=l (in fact r'^=l) and m^=l (in fact 
m2=l). 



119 



We continue and prove a result from number theory, known as Euler 
Theorem. 

Theorem 11. Let a and n he two integers. Then 

a'^(") = 1 mod n 

ifgcd{a,n) = 1. 

Proof. If gcd(a, n) = 1, then a is invertible modulo n, and we know that the 
order of the group of integers mod n under multiplication is (p{n). By the 
previous result 

□ 

Finally, another nice theorem from number theory is obtained, called 
Fermat little theorem. 

Corollary 5. For every integer a and every prime p, we have = a mod p. 

Proof. Just replace n by a prime p in Euler Theorem, and recall that (f{p) = 
p — 1 by definition of ip{p). □ 

The key result of this chapter is really Lagrange Theorem! Thanks to this 
result and its corollaries, we have learnt a lot about the structure of a group: 
(1) that the order of a subgroup always divides the order of the group, (2) 
that the order of an element always divides the order of the group. We also 
obtained some partial classification of groups of small orders: we showed that 
for every order we have a cyclic group, and that all the groups we have seen 
so far are isomorphic to groups of symmetries! 

The group structure of integers modulo n, and that of invertible elements 
modulo n are important in practice in the areas of coding theory and cryp- 
tography. A famous example coming from cryptography is the cryptosystem 
called RSA. 
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Corollary 4 of La^cm^ Theorem/ 

Euler Theorem. We have that a ^ ^'"■'^ =1 mod n if gcd(a,n)=l. 

Proof. Take G the group of invertible 
elements mod n. We know that its order 
is tp (n) , because a is invertible mod n if 
and only if gcd(a,n)=l. We also know 
that al°l =1 by the previous corollary! 



Leonhard Euler 
(1707-1783) 




Corollary 5 of Lagrcvnge/ Theorem/ 

Little Fermat Theorem. We have aP"^ =1 mod p for a ^0. 

Proof. Take n=p a prime in Euler 
Theorem. 




Pierre de Fermat 
(1601-1665) 
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Exercises for Chapter 5 

Exercise 29. Let G be a group and let if be a subgroup of G. Let gH be 
a coset of H . When is gH a subgroup of Gl 

Exercise 30. As a corollary of Lagrange Theorem, we saw that the order 
of an element of a group G divides IGI- Now assume that d is an arbitrary 
divisor of IGI- Is there an element in G with order dl 

Exercise 31. Take as group G any group of order 50. Does it contain an 
element of order 7? 

Exercise 32. Take as group G the Klein group of symmetries of the rectan- 
gle. Choose a subgroup H of G, write G as a partition of cosets of and 
check that the statement of Lagrange Theorem holds. 

Exercise 33. This exercise looks at Lagrange Theorem in the case of an 
infinite group. Take as group G = IR and as subgroup H = 7j. Compute the 
cosets of H and check that the cosets of H indeed partition G. Also check 
that the statement of Lagrange Theorem holds. 
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Chapter 6 

Back to Geometry 



"The noblest pleasure is the joy of understanding." (Leonardo da 
Vinci) 

At the beginning of these lectures, we studied planar isometries, and 
symmetries. We then learnt the notion of group, and realized that planar 
isometries and symmetries have a group structure. After seeing several other 
examples of groups, such as integers mod n, and roots of unity, we saw 
through the notion of group isomorphism that most of the groups we have 
seen are in fact cyclic groups. In fact, after studying Lagrange Theorem, 
we discovered that groups of prime order are always cyclic, and the only 
examples of finite groups we have seen so far which are not cyclic are the 
Klein group (the symmetry group of the rectangle) and the symmetry group 
of the square. We may define the symmetry group of a regular polygon more 
generally. 

Definition 14. The group of symmetries of a regular n-gon is called the 
Dihedral group, denoted by Dn- 

In the literature, both the notation and Dn are found. We use Dn, 
where n refers to the number of sides of the regular polygon we consider. 

Example 24. If n = 3, D^ is the symmetry group of the equilateral triangle, 
while for n = 4, D4 is the symmetry group of the square. 
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> We studied planar isomethes. 

> We extracted the notion of groups. 

> We saw several examples of groups: integer mod n, roots of 
unity,... 



> But after defining group isomorphism, we saw that many of 
them were just the same group in disguise: the cyclic group. 




The/ V Chewed/ Qrotcp V, 



For n >2, the dihedral group is defined as the rigid motions of 
the plane preserving a regular n-gon, with respect to 
composition. 

We saw 

■ group of symmetries of the equilateral triangle 

■ group of symmetries of the square 

(In the literature, the notation D„ and are equally used.) 
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Recall that the group of symmetries of a regular polygon with n sides 
contains the n rotations {r^, 9 = 27ik/n, k = 0, ...,n — 1} = {r2n/n), 
together with some mirror reflections. We center this regular n-sided polygon 
at (0,0) with one vertex at (1,0) (we might scale it if necessary) and label 
its vertices by the nth roots of unity: l,a;,a;^, . . . ,uj'^~^, where u — e*^'^/". 
Now all its rotations can be written in the generic form of planar isometries 
H{z) — az + jS, \a\ = 1 as 

H(z) ^az, a^uj^^ ^2^k/n^ A; = 0, . . . , n - 1. 

We now consider mirror reflections about a line I passing through (0, 0) at 
an angle (/jq, defined by — \e^f°,\ e (— oo,+oo). To reflect a complex 
number z = pe*''' about the line /, let us write Zf> = Prc^"^"- for the complex 
number z after being reflected. Since a reflection is an isometry, pji = p. To 
compute Lpn, suppose flrst that ip^ < (pQ. Then ipji = ip + 2[ipo — ip). Similarly 
if > ^0, Vr = V ~ 2(93 — showing that in both cases ipR = 2<y9o — ^■ 
Hence 

We now consider not any arbitrary complex number z, but when 2; is a 
root of unity u'^. Mirror reflections that leave {1, u, u? , . . . , cu""^} invariant, 
that is which map a root of unity to another, will be of the form 

where d — 2(pQ depends on the reflection line chosen. Then e'^ = uj'^'^^ — 
^(fe+t)mod n _ j^^^ ^jjg planar isometries 

H{z) = cj^'z, s = 0, 1, . . . , n - 1. 

Hence, given a vertex w^, there are exactly two maps that will send it to a 
given vertex w^: one rotation, and one mirror reflection. This shows that 
the order of Dn is 2n. 

Furthermore, deflning a rotation r and a mirror reflection m by 

r : z ^ e*^^^";2 = uz, m : z ^-^ z 

we can write all the symmetries of a regular n-gon as 

Dn = {r° = 1, r, r^, . . . , r'*"^ m, rm, r"*, . . . , r'^'^m}. 

In particular, cu^z = r^m{z). 
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Tl^VChedral/ group Dg 




Order of 

• We know: isomethes of the plane are given by z-^az + p and 

a z + p, |a|=l. 

• Thus an element of is either z-> az, or z-^ a z. 

• We may write the n vertices of a regular n-gon as nth roots of 
unity: l,w,...,w""^. 

• Now there are exactly 2 maps that send the vertex 1 to say 
the vertex w'^: z-^ w^z, and z-> w'^ z. 

Thus the order of is 2n. 
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These symmetries obey the following rules: 

• = 1, that is r is of order n, and (r) is a cyclic group of order n, 

• = 1, that is m is of order 2, as ^ = z, 



• r^m is also of order 2, as (r^m)(r^m)(z) — u^u^z — u^u ^z — z. 

Since m and r*m are reflections, they are naturally of order 2, since repeating 
a reflection twice gives the identity map. Now 

r'^mr^m = 1 =^ mr'^m = r^" , Vs G {0, 1, . . . , n — 1}. 

The properties 

r"' = 1, = 1, mrm = 
enable us to build the Cayley table of Indeed Vs, i e {0, 1, . . . , n — 1} 

and 

We see that Dn is not an Abelian group, since r'^m ^ mr'^. Hence we shall 
write 

Dn — {(r, m)|m^ — l,r"' — l,mr — r~^m}, 

that is, the group Dn is generated by r, m via concatenations of r's and m's 
reduced by the rules = 1, = 1, mrm = or mr = r~^m. 



Proof. Consider any string of r's and m's 



rr ■ r. mm ■ ■ ■ m.rr ■ ■ ■ r. mm ■ ■ ■ m. ■ 



SI tl S2 t2 



Due to m^ = 1 and r" = 1 we shall reduce this immediately to a string of 



r"^mr"'^m ■ ■ ■ r'^'"m 



where ccj e {0, 1, • • • , n — 1}. Now using mr^m — r ^ gradually reduce all 
such strings, then we are done. □ 
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The rotation r:z^ wz generates a cyclic group <r> of order n. 
The reflection m: z-> z is in the dihedral group but not in <r> 
Thus D„ = <r> U <r>m 



r(z)=wz 



w root of 1 



• Furthermore: mrm"^(z) =mrm(z)= mr(z)=m(wz)=wz=w"^z= r"^(z) 

That is mrm"^ =r"^ 
This shows that: ={ <r^rn> | r"=l, mr =r^m} 

Indeed: we know we get 2n terms with <r> and <r>m, and any 
term of the form mr' can be reduced to an element in <r> or 
<r>m using mr =r"^m: mr' = (mr)r'"^ = r'^mr'"^ = r"^(mr)r'"2 etc 
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What happens if n = 1 and n = 2? If n = 1, we have = 1, i.e., the 
group Di will be Di = {l,m} with = 1, with Cayley table 





1 


m 


1 


1 


m 


m 


m 


1 



This is the symmetry group of a segment, with only one reflection or one 
180° rotation symmetry. 

If n = 2 we get D2 = {l,r,m,rm}, with Cayley table 





1 


r 


m 


rm 


1 


1 


r 


m 


rm 


r 


r 


1 


rm 


m 


m 


m 


rm 


1 


r 


rm 


rm 


m 


r 


1 



This is the symmetry group of the rectangle, also called the Klein group. 
Let us now look back. 

• Planar isometrics gave us several examples of finite groups: 

1. cyclic groups (rotations of a shape form a cyclic group) 

2. dihedral groups (symmetry group of a regular n-gon) 

• Let us remember all the finite groups we have seen so far (up to iso- 
morphism): cyclic groups, the Klein group, dihedral groups. 

These observations address two natural questions: 

Question 1. Can planar isometrics give us other finite groups (up to 
isomorphism, than cyclic and dihedral groups)? 

Question 2. Are there finite groups which are not isomorphic to 
subgroups of planar isometrics? 

We start with the first question, and study what are all the possible 
groups that appear as subgroups of planar isometrics. 
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They Klein/ QrcnXp 

When n=2, the description of D2 gives the group of 
symmetries of the rectangle, also called the Klein group. 




Christian Felix Klein (1849 -1925) 



Two- hJcvturcd Q ue^^tUyrw 



Planar isometries gave us cyclic and dihedral groups. All our 
finite group examples so far are either cyclic or dihedral up to 
isomorphism. 

QUESTION 1: can planar isometries give us other finite groups? 

QUESTION 2: are there finite groups which are not isomorphicj 
to planar isometries? 
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For that, let us recall what we learnt about planar isometries. 
From Theorem 1, we know that every isometry in can be written as 
H -.C^C, with 

H{z) — az + (3, or H{z) — az + (3, \a\ — 1. 

We also studied fixed points of planar isometries in Exercise 5. If H{z) — 
az + (3, then 

• if a = 1, then H{z) — z + f3 — z and there is no fixed point (apart if 
^ = and we have the identity map), and this isometry is a translation. 



• if q; 7^ 1, then az + f3 — z 



z — and 



H{z) 



— az + 



a 



/3 



a 



a z 



/3 



a 



showing that H{z) — a (^z — j^^) + that is we translate the fixed 
point to the origin, rotate, and translate back, that is, we have a rota- 
tion around the fixed point 

U H{z) — az + (3, we first write this isometry in matrix form as 



x' 




y'. 





cos 9 
sin 9 



sin^ 
- cos^ 



+ 



(6.1) 



and fixed points {xp, Vf) of this isometry satisfy the equation 



Xp 









cos 9 
sin 9 



sin 9 
- cos 9 





Xp 


+ 


ti 






t2 




Vf 





The matrix M has determinant det(M) 
By rewriting the matrix M as 



1 — cos 9 — sin 9 




Xp 




'k 


— sin 9 1 + cos 9 




yp. 






M 










- cos9){l + cos9) - 


sin^9 


= 0. 



M = 



—2sin^cos^ 



— 2sin^cos^ 
2cos^cos^ 







= 2 






—cos^ 



[si 



sm-. 



cos 



I] 



and fixed points {xp^yp) have to be solutions of 

sin 



"1 

-cos% 



Xp 






yp. 
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• Let us assume that we are given a finite group of planar 
isometries. 

• What are all the isometries that could be in this finite group? 
Remember all the isometries of the plane we saw in the first chapter? 

■ translations 

■ rotations 

■ reflection 

■ glide reflection = composition of reflection and translation 
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If [^1,^2] = A[sm(^/2), -cos(^/2)] then 
2([a;F,2/F],[sin(^/2),-cos(^/2)]) = A ^ xpsiniO /2) - yp cos{e /2) = A/2 
showing that {xp, Uf) form a hne, and the isometry (6.1) is now of the form 

2 sin ^ cos ! 



cos^ I - sin^ I 
2 sin I cos I 



- cos^ f + sin^ I 





a; 







+ A 



— cos ! 



COS 

sin ! 



sm 



2 

cos ! 



1 
-1 



cos : 

sin ! 



sm 



2 

cos 





a; 


+ A 


sin 1 














— cos 1 



Multiplying both sides by the matrix (rotation): 



2, 
cos 



sm 



sm I — cos I 



we get 



cos 
sin 1 



sm 



2 

cos ! 





v 




"1 " 






y'. 




-1 





cos 
sin ! 



sm2 
- cos [ 

X 

y 



+A 



and in the rotated coordinates {x', y') and (x, j^), we have x' — x and (^'— |) = 
— (y — I) which shows that in the rotated coordinates this isometry is simply 
a reflection about the line |/ = +|. 

If [^ij ^2] 7^ A[sin(^/2), — cos(6'/2)], then we have no fixed points. Just like 
in the previous analysis we have here 



'x'' 




y'. 





cos-, 



sin-, 



sm^ —cos^ 



+ 



and we have as before in the rotated coordinates that 



x' 




"1 " 




X 




y'. 




-1 




y. 


+ 



cos 7 



sm-. 



sin^ —cos^ 









'1 " 




X 


+ 


m 






-1 
















y. 


n 



and we recognize a translation along the direction of the reflection line x' = 
X + m and a reflection about the line y — ^, since (y' — f ) = — (y — f )• This 
gives a proof of Theorem 2, which we recall here. 
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• A translation generates an infinite subgroup! 

• Thus translations cannot belong to a finite group 




• A glide reflection is the composition of a reflection and a 
translation. 

• Thus again, it generates an infinite subgroup, and cannot 
belong to a finite group. 



We are left with rotations and reflections! 
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Theorem 12. Any planar isometry is either 

a) A rotation about a point in the plane 

b) A pure translation 

c) A reflection about a line in the plane 

d) A reflection about a line in the plane and a translation along the same 

line (glide reflection) 

Since we are interesting in subgroups of planar isometries, we now need 
to understand what happens when we compose isometries, since a a finite 
subgroup of isometries must be closed under composition. 

A translation T(/3) is given by T(/3) : z ^ z + P, thus 

T(/32) o T(/3i) = {z + /3i)+/32 = z + /3i + l32 = T{/3, + /^a) 

and translations form a subgroup of the planar isometries that is isomorphic 
to (C, +) or (M^, +). The isomorphism / is given by / : T(/3) i— p. 
A rotation Rq^ about a center Q = zq is given by 



which shows that rotations about a given fixed center Q{= zq) form a sub- 
group of the group of planar isometries. 

We consider now the composition of two rotations about different centers: 



Ra{e)z ^ e'\z - zo) + zo 



thus 



Ra(02) o Rni9i) = e'\e'''{z - z^) + - ^o) + = R^{Qi + ^2) 



+ R^.XQ2) = t''\z - Z2) \ Z2 



so that 
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Recall: to define a rotation, we fix a center, say the origin, 
around which we rotate (counter-clockwise). 

R(e) : z ^ e z 

What if we take a rotation around a point different than 0? 
R,je) : z ^ e (z-zj+zo 



First translate Zg to the origin, then 
rotate, then nnove back to Zq 



KotatUym- arownd/ Differ er^ centers 

* What if we take two rotations around different centers? 

• If both Rzj^(6;^) and R^^i^z) ^''^ ^ finite group, then both 
their composition, and that of their inverse must be there! 

Kj^^i) R,i(ej(z)=ei(si^e2)z _ ei(ei+e2)z^ + ^^2[t_^.^^) 
(R,2(e2))-i(Rzi(ei))Mz)= e-i(ei-e2)z - e<^^'^^\ + e^^^{z^-z^) 



Pure translation if z^^ is not Zj! Thus such 
rotations cannot be in a finite group! 
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where we determine 7: 

(1 _ Se,+6,)^^ ^^^^ ^e,^^^ _ _ 

Hence, we have a rotation by (6*1 + 6*2) about a new center 7. 
If Zl 7^ Z2 and 62 = —6*1, we get in fact a translation: 

Rn,{-ei) o RnM ^ z - zi + e~'''{zi - Z2) + Z2 
^z+{zi-Z2){e-'''-l) 

^ V ' 

a translation! 

After rotations and translations, we are left with reflections and glide 
reflections about a line I. Suppose we have two reflections, or two glide 
reflections, of the form 

^pi-.z^ f^^^z + pi,(fi2:z^ e'^'z + p2, 

so that 

^2 o ipi{z) = e"^'{e'^^z + Pi) + P2^ e'^'^-^^h + J^e''^ + /Js- 
Hence ii 62 — Oi — 9 we get a translation: 

ip2 o ipi{z) = z + + P2 

a translation vector 

which is happening when the lines defining the rcficctions and glide rcficctions 
are parallel (reflect a shape with respect to a line, and then again with respect 
to another line parallel to the first one, and you will see that the shape is 
translated in the direction perpendicular to the lines.) 

If instead 62 — 62 ^ 0, we get a rotation, since the </72 o ^i{z) will have 
one well defined fixed point, given by 

zfp = e'^^^-^^'^ZFP + Jie'^^ + ^2 



Zpp 



I _ Qi{e2-ei) 
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KefLectCoYiSr' 

• Among the planar isomethes, so far, only rotations with same 
center are allowed! 

• Reflections are also allowed, assuming that their lines 
intersect at Zq (otherwise, we could get rotations about a 
different point.) 



fCr^it Que^itCon/: Le^mardo- Theorem/ 

QUESTION 1: can planar isometries give us other finite 
groups than cyclic and dihedral groups? 

ANSWER: No! This was already shown 
by Leonardo da Vinci! 

-i. 




Leonardo da Vinci (1452-1519) ~~ painter, sculptor, 
architect, musician, scientist, mathematician, 
engineer, inventor, anatomist, geologist, 
cartographer, botanist and writer " (dixit wikipedia) 
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Now, we have built up enough prerequisites to prove the following result. 

Theorem 13 (Leonardo Da Vinci). The only finite subgroups of the group 
of planar symmetries are either Cn (the cyclic group of order n) or Dn (the 
dihedral group of order 2n). 

Proof. Suppose that we have a finite subgroup G — {</?i, </'2, • " " ? Vn\ of the 
group of planar isometrics. This means that for every ipk, {(pk) is finite, that 
there exists cp^^ e G, and that cpk o ipi — cps E G — {ipi, </?2, . . . , p>n}- Thus 

1. (pk cannot be a translation, since {(pk) — n & 7^} is not a finite set. 

2. Pk cannot be a glide reflection, since (pk°<Pk is a translation hence {(pi) 
is then not a finite set. 

3. (pk and p^ cannot be rotations about different centers, since 

RnM)RnM = e'^'^+'^h - e'^'^+'^h, + e'''{z, - z^) + 
Rnli02)Rnl{0i) = e-'^'^+'^h - e-'^'^+'^h, + e-'''{z, - z^) + z^ 

and 

-Rf22 (~^2)-Rf2i ( — ^i)-Rq2 {^•i)Rq.x (^l) 

= e-^(^^+^i)[e^(^^+^i)z - e^(^^+^i)zi + ^'\z^ - z^) + z^\ 

-e-'^'^+''\^ + e-''\z^-Z2) + Z2 
^z-zr + e-''\z^ - Z2) + e-^(^^+^i)z2 - e-'^'^^'^^i + e-''^{z^ - z^) + z^ 
^z + {z2- zi) + e-'^''+'^\z2 - z,) - iz2 - zi){e-''^ + e'''^) 
^z + {z2- ;2i)[e-'(^2+^i) - (e-'^' + e"'^') + 1] 

" V ' 

a pure translation if zi ^ zi 

Therefore in the subgroup G — {</7i, </?2, • • • , 'Pn\ of finitely many isome- 
trics, we can have 

1) rotations (which must all have the same center Q) 

2) refiections (but their lines must intersect at Q otherwise we would 

be able to produce rotations about a point different from $7 and 
hence produce translations contradicting the finiteness of the set.) 
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MotiA/cvtCcm/ for Leonardo^ Theorem/ 




Leonardo da Vinci systematically 
determined all possible 
symmetries of a central building, 
and how to attach chapels and 
niches without destroying its 
symmetries. 



Extract of Leonardo's notebooks. 



Proof of Leonardo' Thexyrem/ (I ) 

• We have already shown that a finite group of planar 
isometries can contain only rotations around the same center, 
and reflections through lines also through that center 

• Among all the rotations, take the one with smallest strictly 
positive angle 9, which generates a finite cyclic group of order 
say n, and every rotation belongs to this cyclic group! 

• [if 9' is another rotation angle, then it is bigger than 9, thus 
we can decompose this rotation between a rotation of angle 
(a multiple of) 9 and a smaller angle, a contradiction] <- same 
argument as we did several times for cyclic groups! 
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Let us look at the rotations about Q in the subgroup G — {(pi, (p2, - ■ ■ ,Pn} 
and list the rotation angles (taken in the interval [0, 27r)) in increasing ordcr:^^i < 
02 < ■ ■ ■ < Oi-i. Now r{Oi) is the smallest rotation, and r(26'i), r(36'i),. . .,r{k9i) 
for all A; e Z must be in the subgroup as well. 

We shall prove that these must be all the rotations in G, i.e., there can- 
not be a 9t which is not k6i mod 27r for some k. Assume for the sake of 
contradiction that 9t kOi. Then 9t — s9i-\- C, where < C < ^i, and 

but r{9t)r{9i)~^ belongs to the group of rotations and thus it is a rotation 
of an angle that belongs to {^i, ^2, • " " : ^i-i}: with C < ^1 contradicting the 
assumption that 9i is the minimal angle. 

Also note that 9i = 27r// since otherwise 19 1 = 27r + 77 with r] < 9i and 
r''{9i) = r{r)) with rj < 9i, again contradicting the minimality of 9i. 

Therefore we have exactly I rotations generated by r{9i) and {r{9i)) is 
the cyclic group Gi of order I. 

If Gi = {r{9i)) exhausts all the elements of G = {ipi, ip2, • ■ • , V'n}, we are 
done. If not, there are reflections in G too. Let m be a reflection that belongs 
to {ifii, ip2, ■ ■ ■ , <Pn}- If ^ and {r{9i)) are both in G, then by closure 

m, mr, mr^, . . . , mr^~^ e G 

and all these are (1) reflections since mr" — ^ m — r^^~°'^ and m would 
be a rotation, (2) distinct elements since mr" = mr^ =^ r" — . 

Can another reflection be in the group say m? If m 7^ mr", then mm is 
by definition a rotation in G, that is mm = r", since we have shown that all 
rotations of G are in {r{9i)). Now this shows that 

m = m~^r°' — mr°', and {mr°'){mr") = 1 =^ mr^m — r~". 

Since m^ = 1 as for any reflection, we proved that 

G = {1, r, r^, . . . , r^~^, m, mr, . . . , mr^~^}, m^ = 1, r' = 1, mr"m = r~". 

The group G is therefore recognized as the dihedral group 

Dp — {(r, m)|m^ = 1, r' = 1, mr = r~^m}. 



Therefore we proved that a finite group of planar symmetries is either cyclic 
of some order I or dihedral of order 21 for some I eN. □ 
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Proof of Leonardxy- Theorem/ (II) 

• If the finite group of isometries contain only rotations, done! 

• If not, we have reflections! 

• Let r be the rotation of smallest angle Q and m be a reflection. 

• Then m, mr, mr^,..., mr""^ are distinct reflections that belong to 
the group [if mr'=rj then m would be a rotation too]. 

• No other reflection! [for every reflection m', then mm' is a 
rotation, that is mm'=rj for some j, and m' is in the list!] 

We proved: the finite group of planar isometries is either a 
cyclic group made of rotations, or a group of the form 
{1, r,r^,.., r""\m,mr,...,mr""^} with relations m^=l, r"=land 
mH = r"jm, namely the dihedral group! 



(What we saw, no claim that this is complete ©, all the 
finite ones written here are planar isometries ) 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 


C2 


X 


3 


C3 




4 


C4 Klein group 




5 






6 




D3 


7 






8 


Cs 




infinite 


H 
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Let us look at our table of small groups, up to order 8. 



order n 


abelian 


non-abelian 


1 


Ci ^ {1} 


X 


2 


C2 


X 


3 


C3 


X 


4 


C4, Klein group 


X 


5 




X 


6 




Ds 


7 


C7 


X 


8 


Cs 


D4 



Using Leonardo Theorem, we know that planar isometries only provide 
cyclic and dihedral groups, so if we want to find potential more groups to 
add in this table, we cannot rely on planar geometry anymore! This leads to 
the second question we addressed earlier this chapter: 



Are there finite groups which are not isomorphic 
to subgroups of the group of planar isometries? 
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Invertible mod 2,3,4,5,6,7 are cyclic, invertible mod 8 are C2XC2 
[done in Exercises for 5 and 8, same computation for others!] 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 


C2 


X 


3 


C3 




4 


C4 Klein group 




5 


Cs 




6 




D3 


7 


C7 




8 




D4 


infinite 


M 





We/ o^e/ le/t wttK/ tHe/ ^ec<md/ Qo-ejtt^^ 



QUESTION 2: are there finite groups which are not 
isomorphic to planar isometries? 




^? ; ? ? 
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Exercises for Chapter 6 

Exercise 34. Show that any planar isometry of is a product of at most 
3 reflections. 

Exercise 35. Look at the pictures on the wiki (available on adventure), and 
find the symmetry group of the different images shown. 
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Chapter 7 

Permutation Groups 



We started the study of groups by considering planar isometries. In the 
previous chapter, we learnt that finite groups of planar isometries can only 
be cyclic or dihedral groups. Furthermore, all the groups we have seen so far 
are, up to isomorphisms, either cyclic or dihedral groups! It is thus natural to 
wonder whether there are finite groups out there which cannot be interpreted 
as isometries of the plane. To answer this question, we will study next 
permutations. Permiitations are usually studied as combinatorial objects, 
we will see in this chapter that they have a natural group structure, and in 
fact, there is a deep connection between finite groups and permutations! 

We know intuitively what is a permutation: we have some objects from 
a set, and we exchange their positions. However, to work more precisely, we 
need a formal definition of what is a permutation. 
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QtA£4itCon/ 2 after La^ar\j^ Theorem/ 



QUESTION 2: are there finite groups which are not isomorphicl 
to planar isometries (cyclic or dihedral groups)? ^^^^M 




Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 




X 


3 




X 


4 


C4 Klein group 


X 


5 




X 


6 




D3 


7 




X 


8 




D4 



infinite ]3; 



What iif' a/ PerwiutaXton/ ? (I) 

• Intuitively, we know what a permutation is... 




http://www.virtualmagie.com/ubbthreads/ubbthreads.php/ubb/download/Number/3018/filename/ 
3415%20net.ipg 
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Definition 15. A permutation of a set X is a function a : X X tliat is 
one-to-one and onto, i.e., a bijective map. 

Let us make a small example to understand better the connection between 
the intuition and the formal definition. 

Example 25. Consider a set X containing 3 objects, say a triangle, a circle 
and a square. A permutation of X = {A, o, □} might send for example 

A ^ A, o □, □ ^ o, 

and we observe that what just did is exactly to define a bijection on the set 
X, namely a map a : X — X defined as 

(t(A) = A, a(o) = □, <t{U) = o. 

Since what matters for a permutation is how many objects we have and 
not the nature of the objects, we can always consider a permutation on a set 
of n objects where we label the objects by {1, . . . ,n}. The permutation of 
Example 25 can then be rewritten as a : {1, 2, 3} —t- {1, 2, 3} such that 

a(l) = 1, a(2) = 3, a{3) = 2, or a = 

Permutation maps, being bijective, have inverses and the maps combine nat- 
urally under composition of maps, which is associative. There is a natural 
identity permutation a : X — )■ X, X = {1, 2, 3, . . . , n} which is 

a{k) t-> k. 

Therefore all the permutations of a set X = {1, 2, . . . , n} form a group under 
composition. This group is called the symmetric group Sn of degree n. 

What is the order of S'„? Let us count how many permutations of 
{1, 2, . . . , n} we have. We have to fill the boxes 



1 2 3 ■■■ n 

with numbers {1, 2, . . . ,n} with no repetitions. For box 1, we have n possible 
candidates. Once one number has been used, for box 2, we have {n — 1) 
candidates, ... Therefore we have 

n{n — l)(n — 2) ■ ■ ■ 1 = n! 

permutations and the order of Sn is 



0- 
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M)}u^t cvpervyuAtcMcnv? (II) 

• What is formally a permutation? 

^"^permutation of an arbitrary set X is a bijection^rornlTto 
itself 

• Recall that a bijection is both an injection and a surjection. 



M)lvxt cvpervmAtcMcrn/? (Ill) 

• Bridging intuition and formalism 

• Define an arbitrary bijection 

A A A A 
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hJotatum/ 



If |X|=n, we label the n elements by l...n. 



(-)(-) = te) 



It's a composition, so 
tliis permutation first! 



123 ^132^231 
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QrcnXp Stri^cturey(>fPermMtatuyyiy (I) 



• All permutations of a set X of n elements form a group under 
composition, called the symmetric group 
on n elements, denoted by S^. 



Composition of two 
bijections is a bijection 



Identity = do-nothing (do no permutation) 



Every permutation has an inverse, the inverse permutation. 



A permutation is a 
bijection! 



• Non abelian (the two permutations of the previous slide do 
not commute for example!) 



QrcnXp StrLu:tureyofPer\mAt(Xtixyyw (II) 

The order of the group of permutations on a set X of 
elements is n! 



D 

1> 1> 



n 

choices 



n-1 

clioices 



n-1 n 



2 choices 1 choice 



|Sj=n! 
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Let us see a few examples of symmetric groups Sn- 

Example 26. If n = 1, contains only one element, the permutation 
identity! 

Example 27. If n = 2, then X = {1, 2}, and we have only two permutations: 

(Ti : 1 1, 2 2 

and 

(T2 : 1 2, 2 1, 

and 5*2 = {o'i,(J2}- The Caylcy table of 5*2 is 





0"! 


cr2 


0"! 


0"! 




CX2 


CX2 





Let us introduce the cycle notation. We write (12) to mean that 1 is sent to 
2, and 2 is sent to 1. With this notation, we write 

^2 = {(),(12)}. 

This group is isomorphic to C2, and it is abelian. 

The permutation 

'12 3 
13 2 

of Example 25 in the cycle notation is written as (23). We can combine two 
such permutations: 

(12)(23) 

which means that we first permute 2 and 3: 123i— )-132 and then we 
permute 1 and 2: 132i->231. Let us look next at the group 5*3. 



154 



CHAPTER 7. PERMUTATION GROUPS 



PervmAtatixyvw on/ cv Set of 2 Elem£4^ 

• |X| =2,X={ 1,2} 

• IS2I =2, $2 ={01,02}, 01:12^12,02:12^21. 



02 



°1 °z 

°2 °1 



(12)(23) ^ 



2^3 
3^2 

thus 123 ^ 132 

2^3 
3^2 

thus 123 ^ 132 

1^2 

2^1 

thus 132^231 



Cycle/ hJ otatCon/ 



(123 \ /l2 3\ 
213 I 



(23) 
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Example 28. If n = 3, we consider the set X 
have 6 permutations: 



{1,2,3}. Since 3! = 6, 



we 



^3 = {ai = 0,(72 = (12), as = (13), a4 = (23), as = (123), ag = (132)}. 
We compute the Cayley table of Sz- 








(12) 


(23) 


(13) 


(123) 


(132) 








(12) 


(23) 


(13) 


(123) 


(132) 


(12) 


(12) 





(123) 


(132) 


(23) 


(13) 


(23) 


(23) 


(132) 





(123) 


(13) 


(12) 


(13) 


(13) 


(123) 


(132) 





(12) 


(23) 


(123) 


(123) 


(13) 


(12) 


(23) 


(132) 





(132) 


(132) 


(23) 


(13) 


(12) 





(123) 



We see from the Cayley table that 5*3 is indeed isomorphic to D3! This 
can also be seen geometrically as follows. Consider an equilateral triangle, 
and label its 3 vertices by A, B, C, and label the locations of the plane where 
each is by 1,2,3 (thus vertex A is at location 1, vertex B at location 2 and 
vertex C as location 3). Let us now rotate the triangle by r (120 degrees 
counterclockwise), to find that now, at position 1 we have C, at position 2 
we have A and at position 3 we have B, and we apply all the symmetries of 
the triangle, and see which vertex is sent to position 1,2, and 3 respectively: 
y 






1 


2 


3 




1 


A 


B 


C 





r 


C 


A 


B 


(213) 




B 


C 


A 


(123) 


m 


A 


C 


B 


(23) 


rm 


B 


A 


C 


(12) 


r'^m 


C 


B 


A 


(13) 



and we see that to each symmetry corresponds a permutation. For example, 
r sends ABC to CAB and thus we have (132). 
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PervmAtatixyvw on/ cv Set of S Elem£4^ 

• |X|=3,X={12 3} 

• Oi :123 ^123 {), :123 ^213 (12) ,03 :123^321 (13) , 

04 :123 ^132 (23) , 05: 123^231 (123) , Og : 123^312 (132) . 








(1,2) 


(2,3) 


(1,3) 


(1,2,3) 


(1,3,2) 








(1,2) 


(2,3) 


(1,3) 


(1,2,3) 


(1,3,2) 


(1,2) 


(1,2) 





(1,2,3) 


(1,3,2) 


(2,3) 


(1,3) 


(2,3) 


(2,3) 


(1,3,2) 





(1,2,3) 


(1,3) 


(1,2) 


(1,3) 


(1,3) 


(1,2,3) 


(1,3,2) 





(1,2) 


(2,3) 


(1,2,3) 


(1,2,3) 


(1,3) 


(1,2) 


(2,3) 


(1,3,2) 





(1,3,2) 


(1,3,2) 


(2,3) 


(1,3) 


(1,2) 





(1,2,3) 



The/ SyvviAnetrCc/Q roup 
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s,? 

since | \ =2, it is the cyclic group C2! 
S3? 

We know |S3|=3!=6, and it is non-abelian. 
We also know | D3 1 =2-3=6 and it is non-abelian. 



S3 v^Ds 








(12) 




RBI 








1 


r 


r' 


m 










(1,2) 


(2,3) 


(1,3) 


(123) 


(132) 


1 


1 


r 


r^ 


m 


rm 


r^m 


(1,2) 


(1,2) 





(123) 


(132) 


(2,3) 


(1,3) 


r 


r 




1 


rm 


r^m 


m 


(2,3) 


(2,3) 


(132) 





(123) 


(1,3) 


(1,2) 






1 


r 


r^m 


m 


rm 


(1,3) 


(1,3) 


(123) 


(132) 





(1,2) 


(2,3) 


m 


m 


r^m 


rm 


1 


r' 


r 


(123) 


(123) 


(1,3) 


(1,2) 


(2,3) 


(132) 





rm 


rm 


m 


r^m 


r 


1 


r' 


(132) 


(132) 


(2,3) 


(1,3) 


(1,2) 





(123) 




r^m 


rm 


m 


r' 


r 


1 



Are they isomorphic? 
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QUESTION 2: are there finite groups which are not isomorphic 
to planar isometries (cyclic or dihedral groups)? i 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 


c,= s. 


X 


3 




X 


4 


C4 Klein group 


X 


5 


Cs 


X 


6 




□3=83 


7 

infinite — ---^•'•^ — 


C7 

More work is needed! 


X 
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Thus despite the introduction of a new type of groups, the groups of 
permutations, we still have not found a finite group which is not a cyclic or 
a dihedral group. We need more work! For that, we start by noting that 
permutations can be described in terms of matrices. 

Any permutation a of the elements {1, 2, . . . , n} can be described by 



■ ^(1) " 




' 




1 " 




' 1 " 




T 




" 1 " 


a(2) 




1 





... 




2 




6^(1) 




















T 













1 


... 




n 




L ^Tin) J 


✓ 


n 



Pa 



where the kth row of the binary matrix is given by e^^,^^ = (0, . . . , 0, 1, 0, . . . , 0), 
where 1 is at location a{k). Now Ci, . . . , e„ are a set of orthogonal vectors, 
that is, satisfying 

T / \c- ( if k s 
e^e, = (efe,e,) = 5^, = | ^ if k ^ s ' ^ ^ 

which form a standard basis of M". Let us derive some properties of the 
matrix P^. 



Property 1. The matrix P^. is orthogonal, that is PaPj — where is 
the identity matrix. This follows from 



T 

T 



T 

L J 



[ ^^(1) 



(2) 



Mn) ] 



using (7.1). Hence the inverse of a permutation matrix is its transpose. 



Property 2. Using that det{AB) = det(A) det{B) and det(yl^) = det{A), 
we get 

det(P,Pj) = det(7) = 1. 
Therefore det(P^) = ±1. (det(Pj) = det(P^) {detPaf = 1). 
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If o is a permutation on X={l...n}, then it can be represented by a 
permutation matrix P^, 



kth row 
at position 
(0...0 



.hasal kTlO "Ifl "I r^d)! 
tiono(k) r4 111 = 1 I 

10...0) LoioJLf^J Lc^(n) J 



Permutatixyn/ Matri ces: Propertv e^ 



Every row/column 
lias only a 1 



p p T = 



[:: L -RJ 



A permutation matrix as an orthogonal matrix! 



det(P PT)=1 ^ det(Pj=lor-l 



161 



Property 3. We will show next that any permutation can be decomposed 
as a chain of "elementary" permutations called transpositions, or exchanges. 
We consider the permutation a given by 



■ ^(1) " 




T 




' 1 " 






T 




n 



We shall produce a from (1,2,..., n) by successively moving cr(l) to the first 
place and 1 to the place of o"(l), then a{2) to the second place and whoever 
is in the second place after the first exchange to the place of cr(2) place, etc.. 
After moving cr(l) to the first place, using a matrix P, we get 



r ^(1) 1 

2 




' 1 " 

2 


1 


— p 


a{l) 


n 




n 



After this step, we use an (n — 1) x (n — 1) permutation matrix to bring a{2) 
to the second place as follows (without affecting o"(l)): 



a(l) 
a{2) 



n 



1 

P(n-l)x(n-l) 



2 

a{2) 
n 



and so on. From this process, it is clear that at every stage we have either 
a matrix of exchange in which two rows of the identity are exchanged, or if 
the output happens to have the next value in its designated place an identity 
matrix. The process will necessarily terminate after n steps and will yield 
the permutation a as desired. 
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A transposition (exchange) is a permutation that swaps two^B 
elements and does not change the others. 

• In cycle notation, a transposition has the form (i j). 
Example: (1 2) on the set X={1,2,3,4} means 1234 ^2134. 

• In matrix notation, a transposition is an identity matrix, but for 
for two rows that are swapped. 

[0100 T 

1000 I 

0010 I 

0001 J 



Ve^xnnpo^rvtCon/ lav Tra^x^oifittcm^ (I) 



Any permutation can be decomposed as a product of 
transpositions. 



1'' row, 1 at 
ith position 

ith row, 1 at 
1" position 



i=a(l) 



["»["] 



Place similarly o(2) at the 2nd position, o(3) at the 3'''' position etc, this 
process stops at most after n steps! (since at every step, either two rows 
are exchanged, or we have an identity matrix if nothing needs to be 
changed). 
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Hence we will be able to write 



a(l) 
a{2) 

a{n) 



EnE, 



E2E1 



1 

2 
n 



where Ej 



either an elementary exchange matrix of size n x n 
or an identity matrix of size n x n 
Now, we know from the property of the determinant that exchanging two 
rows in a matrix induces a sign change in the determinant. Hence we have 



det Ei 



if it is a proper exchange 

if it is Inxn 



Therefore we have shown that for any permutation, we have a decomposition 
into a sequence of transpositions (or exchanges), and we need at most n of 
them to obtain any permutation. Hence for any a we have: 



EriE'. 



n-'-'n—l 



E, 



and 



det = det K det K-i ■■■detEi^ {-if --^hanges_ 
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o(l)=3 



o(2)=l 



Vexxn^oifCticm/ On/ Trc^n^poiUtoyw (II) 



E,...E,Ei 



[a(n)] 



where E| is either an identity matrix, or a transposition 
(exchange) matrix. 

det(E|)=-l for a transposition, and 1 for the identity, thus 
det(P„)=(-l)'*^'"^'^^"8" 
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The above development enable us to define the permutation to be even if 

detP^ = 1, 

and odd if 

detP^ = -1. 

Definition 16. The sign/ signature of a permutation a is the determinant 
of Prj. It is either 1 if the permutation is even or -1 otherwise. 

We have a natural way to combine permutations as bijective maps. In 
matrix form, we have that if 





' 1 " 




' ^a(I) " 




' 1 ' 




' Ml) ' 




n 




aA{n) 


p 


n 




(jB{n) 



then 



P P 



Prr 



<JB°crA • 

The description of a permutation via transposition is not unique but the 
parity is an invariant. We also have that 

sign{aA o as) = sign{aA)sign{aB) 
det(P.^P.J = det(P,Jdet(P,J. 

Then we have the multiplication rule. 





even 


odd 


even 


even 


odd 


odd 


odd 


even 



This shows the following. 

Theorem 14. All even permutations form a subgroup of permutations. 

Proof. Clearly the identity matrix is an even permutation, since its determi- 
nant is 1. 

Product of even permutations is even, thus closure is satisfied. 

The inverse of an even permutation must be even. To show this, we know 

P^P = I 

SO det(Pj) = det(P,) det(Pj) = 1 if det(P^) = 1. □ 

Definition 17. The subgroup An of even permutations of the symmetric 
group Sn is called the alternating group. 
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ParCty ofa/perwuxtatixyn/ 

A permutation is even if det(Pj=l and odd if det(Pj=-l. 
The sign/signature of a permutation a is sign(a)=det(PQ). 



Example 

(132) : 123 ^312 
0^3 -Ql2 thus (13) : 123 ^321 sign(132)=(-l) 
3(g)^3@ thus (12)(13) : 123 ^321^312 



2^1 



Same result from the 
matrix approach! 



The decomposition in transpositions is far from unique! It ^ 
is the signature which is unique!! ^ 



Jl^£y Alter natOng^ Qrotcp 

called the alternating group A^. 

• The identity is the do-nothing permutation o= (), its 
permutation matrix is the identity, and its determinant is 1 and 
sigri(())=l, that is () is even. 

• The composition of two even permutations is even, since 
det(P,iP„2)= det(P J det(P,2)=l-l=l. 

• If a is a permutation with matrix P^,, then its inverse 
permutation has matrix Pj . Now det(P^Pj,^)=l and since 
det(Po)=l, we must have det(P/)=l! 
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Example 29. When n = 3, we consider the symmetric group 5*3, and identify 
those permutations which are even. Among the 6 permutations of 5*3, 3 are 
odd and 3 are even. Thus is isomorphic to the cychc group C3 of order 3. 

An interesting immediate fact is that the size of the subgroup of even 
permutations is ^n!, since for every even permutation, one can uniquely as- 
sociate an odd one by exchanging the first two elements! 

Let us go back once more to our original question. We are looking for a 
group which is not isomorphic to a group of finite planar isometrics. Since 
As is isomorphic to a cyclic group, let us consider the next example, namely 
A,. 

Since 4! — 24, we know that I/I4I = 12. There is a dihedral group Dq 
which also has order 12. Are the two groups isomorphic? 

Lagrange theorem tells us that elements of A4 have an order which divides 
12, so it could be 1,2,3,4 or 12. We can compute that there are exactly 3 
elements of order 2: 

(12)(34), (13)(24), (14)(23), 

and 8 elements of order 3: 

(123), (132), (124), (142), (134), (143), (234), (243). 

This shows that A4 and Dq cannot be isomorphic! We thus just found our 
first example, to show that there is more than cyclic and dihedral groups! 
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E)campley: 








(12) 


(23) 


(13) 


(123) 


(132) 








(1,2) 


(2,3) 


(1,3) 


(123) 


(132) 


(1,2) 


(1,2) 





(123) 


(132) 


(2,3) 


(1,3) 


(2,3) 


(2,3) 


(132) 





(123) 


(1,3) 


(1,2) 


(1,3) 


(1,3) 


(123) 


(132) 





(1,2) 


(2,3) 


(123) 


(123) 


(1,3) 


(1,2) 


(2,3) 


(132) 





(132) 


(132) 


(2,3) 


(1,3) 


(1,2) 





(123) 





IB 


BB1 


BS1 








(123) 


(132) 


(123) 


(123) 


(132) 





(132) 


(132) 





(123) 



It is the cyclic group 
of order 3! 



Order ofA^^ 

The order of A„ is | A J = | S J /2 = n !/2. 



Proof. To every even permutation can be associated 
uniquely an odd one by permuting the first two 
elements! 



Examples. 

• A2is of order 1 this is {1}. 

• A3 is of order 3 1/2=6/2=3 ^^thisisC3. 

• A4is of order 41/2 =24/2=12 — f ? 



Que4itCon/2: oney wioreyBad/hJeMJSr' ?? 



QUESTION 2: are there finite groups which are not isomorphic 
to planar isometries (cyclic or dihedral groups)? 



Order 


abelian groups 


non-abelian groups 


1 


{1} 


X 


2 




X 


3 


C3 


X 


4 


Klein group 


X 


5 


C5 


X 


6 


Ce 


□3=83 


7 


C7 


X 


8 


Cs 


D4 


12 







Order ofElemerity lAvAq. 

• Lagrange Theorem tells us: 1,2,3,4,6,12. 

• In fact: 3 elements of order 2, namely (12)(34), (13)(24), (14)(23) 

• And 8 elements of order 3, namely 
(123),(132),(124),(142),(134),(143),(234),(243) 



A4and Dg are not isomorphic! '^^^ 

http://kristin-williams.blogspot.com/2009/09/veah.html 
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Exercises for Chapter 7 

Exercise 36. Let o" be a permutation on 5 elements given by cr = (15243). 
Compute sign((T) (tliat is, the parity of the permutation). 

Exercise 37. 1. Show that any permutation of the form {ijk) is always 
contained in the alternating group An, n > 3. 

2. Deduce that An is a non-abehan group for n > 4. 

Exercise 38. Let H — {a E \ a{l) = 1, a(3) = 3}. Is if a subgroup of 

Exercise 39. In the lecture, we gave the main steps to show that the group 
Dq cannot be isomorphic to the group A4, though both of them are of order 
12 and non-abelian. This exercise is about filling some of the missing details. 

• Check that (1 2) (3 4) is indeed of order 2. 

• Check that (1 2 3) is indeed of order 3. 

• By looking at the possible orders of elements of Dq, prove that A4 and 
Dq cannot be isomorphic. 



Chapter 8 

Cayley Theorem and Puzzles 



"As for everything else, so for a mathematical theory: beauty can 
be perceived but not explained. "(Arthur Cayley) 

We have seen that the symmetric group Sn of all the permutations of n 
objects has order n\, and that the dihedral group of symmetries of the 
equilateral triangle is isomorphic to Ss, while the cyclic group C2 is isomor- 
phic to 5*2. We now wonder whether there are more connections between 
finite groups and the group Sn- There is in fact a very powerful one, known 
as Cayley Theorem: 

Theorem 15. Every finite group is isomorphic to a group of permutations 
(that is to some subgroup of Sn)- 

This might be surprising but recall that given any finite group G — 
{gi,g2, - - - ,gn}, every row of its Cayley table 





5-1 = e 


92 


93 




9n 


91 












92 
























9r 


9r9l 


9r92 


9r93 




9r9n 














9n 













is simply a permutation of the elements of G {gr9s € {fl'i, 92, - - - , 9n})- 
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• We saw that 03=83 and 02=82 

• Is there any link in general between a given group G and 
groups of permutations? 

• The answer is given by Cayley Theorem I 



Cayley Theorem/ 

Theorem Every finite group is isomorphic to a group of 
permutations. 

This means a 
subgroup of some 
^ symmetric group. ^ 

One known link: for a group G, we can consider its 
multiplication (Cayley) table. Every row contains a permutation 
of the elements of the group. 
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Proof. Let {G, •) be a group. We shall exhibit a group of permutations (E, o) 
that is isomorphic to G. We have seen that the Cayley table of {G, ■) has 
rows that are permutations of {gi, g2, . . . , gn}, the elements of G. Therefore 
let us define 

E = {ag : G ^ G, crg{x) — gx, \/x G G} 

for g E G. In words we consider the permutation maps given by the rows of 
the Cayley table. We verify that E is a group under map composition. 

1. To prove that E is closed under composition, we will to prove that 

c^32 ° cTgi = (^9291, 9i e G, e G. 

Indeed, for every x E G, 

(^92 {(^9li^)) = (^92 (giX) = ^2(^12;) = {92gi)x = (Tg^g^ix) G E 

since g2gi G G. 

2. Map composition is associative. 

3. The identity element is ae{x) = ex, since 

GgOGe — CFg.e — CFg, GeOGg — Ge-g — Gg. 

4. The inverse. Consider g and g~^, we have gg~^ = g^^g ~ e. Prom 



we have 



'^92 ° '^91 ^9291 



^9 ° ^9-^ — Cre = Gg-i O Gg. 



Now we claim that (G, •) and o) are isomorphic, where the group 
isomorphism is given by 

(p-.G^T., g^ Gg. 

Clearly if Gg^ = Gg^ then g^e ^ g2e ^ gi ^ g2. U gi ^ g2, then Gg^ = Gg^. 
Hence the map is one-to-one and onto, by construction! 

Let us check that is a group homomorphism. If gi,g2 € G, 

and hence we are done, is an isomorphism between (G, •) and a permutation 
group! □ 
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Proof of Cayley Theorem/ (I) 

We need to find a group 1 of permutations isomorphic to G 
Define 1={ Og : G ^G, ag(x)=gx , g in G}^ 

The set 1 forms a group of permutations: 



These are the 
permutations given by 
the rows of the Cayley 
table! 



o It is a set of permutations (bijections). 
o The identity is since it maps x to x. 
o Associativity is that of map composition, 
o Closure: we have that Og^o^j - "^gigz- 
o Inverse: we have that a„a„(-i) = a.. 



Proof of Cayley Theorem/ (11) 

• Left to prove: G and I are isomorphic. 

• We define a group isomorphism cj): G ->Z , ^[g)=o^. 

o The map cf) is a bijection. 

o The map cj) is a group homomorphism: cl)(g;^g2)=(l)(gi) ^[g^^. 
[Indeed: <!^[g^g2)= ^gig2 = ^gi°g2 =*(gi) *(g2)-] 
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Now that we saw that ah finite groups are subgroups of Sn, we can un- 
derstand better why we could describe the symmetries of bounded shapes 
by the cychc group C„ or the dihedral group Dn which can be mapped in a 
natural way to permutations of the vertex locations in the plane. 

Example 30. Consider the group of integers modulo 3, whose Cayley table 
is 








1 


2 








1 


2 


1 


1 


2 





2 


2 





1 



We have (To{x) ~ a; + corresponding to the permutation identity (). 
Then (7i{x) = x + 1 corresponding to the permutation (123), a2{x) = x + 2 
corresponding to (132). 

Since we have a group homomorphism, addition in G — {0,1,2} corre- 
sponds to composition in E = {(Jq, (Ti, (T2}. For example 

1 + 1 = 2 <s=^ (123)(123) = (132). 

We next illustrate how the techniques we learnt from group theory can 
be used to solve puzzles. We start with the 15 puzzle. The goal is to obtain 
a configuration where the 14 and 15 have been switched. 

Since this puzzle involves 16 numbers, we can look at it in terms of per- 
mutations of 16 elements. 

Let us assume that when the game starts, the empty space is in position 
16. Every move consists of switching the empty space 16 and some other 
piece. To switch 14 and 15, we need to obtain the permutation (14 15) as 
a product of transpositions, each involving the empty space 16. Now the 
permutation (14 15) has parity -1, while the product of transpositions will 
always have parity 1, since 16 must go back to its original position, and thus 
no matter which moves are done, the number of vertical moves are even, and 
the number of horizontal moves are even as well. 
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Take G={0,1,2} the group of integers mod 3. 








1 


2 








1 


2 


1 


1 


2 





2 


2 





1 



(123) 
(132) 



' You can check the consistency of the operations! (homomorphism) 
■ For example: 1+1 =2 <^ (123)(123)=(132) 



This is a subgroup of S3 




[The symmetric group is complicated! Needs more tools.] 
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S(>m£yApplXcutU>yi&' 

• Symmetries 

• Cryptography 

• Puzzles 



Syvwmetrie^ 

One of the main focuses of this class 

• Symmetries of finite planar shapes (cyclic and dihedral groups) 

• Symmetries of some infinite planar shapes (Frieze groups, later!) 

One could also study symmetries of 3-dimensional shapes! 

Atetrahedral AB4 molecule (ex. methane CH4) 
with symmetric group A4. 




178 



CHAPTER 8. CAYLEY THEOREM AND PUZZLES 



15 PLU^/^ 



1 


2 


3 


4 




1 


2 


3 


4 


5 


6 


7 


8 


5 


6 


7 


8 


9 


10 


11 


12 


9 


10 


11 


12 


13 


14 


15 




13 


15 14 








V 



1870, New England 

1890, price of 1000$ to who could solve it. 



li^oiMhility of the/ 1 5 Pu/^/^^ (I) 

Every move involves switching the empty space (say 16) and 
some other piece. 



11 12 11 11 15 11 15 11 



15 15 12 15 12 12 12 

(12 16) (11 16) (15 16) (12 16) 

Solving the puzzle means we can write: 
(14 15)= (a„16)(a,.i 16) ...(a^ 16)(ai 16) 
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We next consider a solitaire puzzle. The goal of the game is to finish 
with a single stone in the middle of the board. This does not seem very easy! 
We might ask whether it would be easier to finish the game by having a 
single stone anywhere instead. To answer this question, we consider the Klein 
group, and label every position of the board with an element of the Klein 
group, such that two adjacent cells multiplied together give as result the label 
of the third cell (this is done both horizontally and vertically). The value 
of the board is given by multiplying all the group elements corresponding to 
board positions where a stone is. The key observation is that the value does 
not change when a move is made. 

When the game starts, and only one stone is missing in the middle, the 
total value of the board is h (with the labeling shown on the slides). Since 
a move does not change the total value, we can only be left with a position 
containing an h. Since the board is unchanged under horizontal and vertical 
refiections, as well as under rotations by 90, 180, and 270 degrees, this further 
restricts the possible positions containing a valid h, and in fact, the easiest 
version is as hard as the original game! 

Other applications of group theory can be found in the area of cryptog- 
raphy. We already saw Caesar cipher, and affine ciphers. We will see some 
more: (1) check digits and (2) the RSA cryptosystem. 
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Imp(nirvbvUty of the/ 1 5 Pa^^le/ (II) 

Solving the puzzle means we can write: 
(14 15)= (a,16)(a„.il6) ...(a^ leHa^ 16) 



parity = 



parity = 1 



16 must return to its 

place, thus both 
number of horizontal 
and vertical moves 
are even I 



SolCtcU/rey (I) 
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SoUtalrey (II) 

A move = pick up a marble, jump it horizontally or vertically 
(but not diagonally) over a single marble into a vacant hole, 
removing the marble that was jumped over. 



A win = finish with a single marble left in the central hole. 
Would it be easier if a win = finish with a single marble anywhere? 



SoUtcUrey (III) 





f 




li 






h 


f 


h 


f 


g 


f 




h 


f 


g 


h 


f 




h 


g 


h 


f 




h 


f 


g 


h 


f 


h 


f 




h 


f 




h 


f 






f 


g 


h 






h 


f 


h 


f 





G={l,f,g,h} = Klein group 

Label the board such that 
labels of two cells multiplied 
together giv e the labe^ b^the 

third cell. I Binary 

operation of the 
Klein group 
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SoUtcure/ (IV) 

• total value of the board = the group element obtained by 
multiplying together the labels of all of the holes that have 
marbles in them. 

• the total value does not change when we make a movel 
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g 










ll 









f 


2; 


h 
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ll 


f 














ll 


f 


g 
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ll 
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g 
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g 


ll 


f 


' 


■ 
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h 


f 


ll 


f 


g 


ll 


f 


g 


h 


f 










f 


g 


h 














g 


h 


f 














ll 


f 


o 










Total value= ? 
. (fgh)i5= fgh=e 
• without h, we have fg=h. 

Since a move does not 
change the total value, we 
can only be left with hi 
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SoldtcUyrey (VI) 

A Solitaire board is unchanged under reflection in the 
horizontal and vertical axes, and rotation through 90°, 



180°, 270° and 360°. 









if this h is 
valid, then f 
is valid! 
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SoUtcUre/ (VII) 
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If we can solve this 
position, then we can 
solve the middle one! 



We just shown: the "easiest 
version" is as hard!! 
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CHAPTER 8. CAYLEY THEOREM AND PUZZLES 



Cryptography: Mod^Alc^r ArOthmetCc/ 



Modular arithmetic (integers modulo n) enables 

• Caesar's cipher . , > ,^ j -,c 1/ o ; 

^K- ^ ^ e|^(x)=x+K mod 26, K=3 | 

• Affine ciphers 

e^: X ^ eK(x)=KiX+K2 mod 26, (Ki,26)=l, K=(KyK2) 

• RSA cryptosystem 

e^: X -> eK(x)=x^ mod n, K=(n,e) 




Cryptography: VvKrete/ Log^ Problem/ 

• "Regular" logarithm: \oga(b) is defined as the solution x of the 
equation 0"= b. 

• Example: : log2(S)=3 since 2^=8. 

• Discrete logarithm: let G be a finite cyclic group, take g and h 
in G, iogg(h) in G is defined as a solution x of the equation g" = h. 

• Example: log3(13)=x in the group of invertible integers 
m odjjJgJ Tme ans that 3^ = 13 (mod 17) , and x=4 is a solution. 

Need to check this is a cyclic group! 

This is useful in cryptography because solving the discrete log 
problem is hard! 
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Cryptography: ChechVCgU: (I) 

Take a message formed by a string of digits. 

A check digit consists of a single digit, computed from the other^ 
digits, appended at the end of the message. 

It is a form of redundancy to enable error detection. 

We will look at the Check Digit introduced by J. Verhoeff in 
1969, based on the dihedral group D5. 



Crypto^ciphy: Che<>hVCg<t (II) 

Multiplication table of DjWith O=do-nothing, l-4=rotations, 5- 
9=reflections, *=binary operation in D5. 
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CHAPTER 8. CAYLEY THEOREM AND PUZZLES 



Ciyptogrciphy: ChedoVCg^ (III) 



How does it work?Let o be a permutation in S-^q. To any string 
a^^aj... a^.i of digits, we append the check digit so that 

o(ar 9^(32)* -|a"-Ma„J* a"(aj=0. 

Composition of Binary operation 
the permutation a °^ 



Single-digit errors are detected: if the digit a is replaced by 
b, then a'(a) is replaced by a'(b) (a'(a)^ a'(b) when a^^b) thus 
the check digit is changed and an error is detected. 



Cryptogrccpiyy: Che/zhVi^lt (TV) 

Example. Take a=(l,7,9)(2,5,10,4,6) and the digit 12345^(n-l=5). 

• a(2)=5, a2(3)=3, o^[A)=S, a\S)=2, o5(6)=6. 

•5*3*5*2*6* a6(a6)=0 ^ 5* oS(a6)=0 ^ a^(a^)= 5 and a6=2. 

• We get [234562] that is 123451. 



check digit 8 
on a German 
banl<note. 
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AppUx>cUum/of€LAler Theorem/: KSA 



RSA is an encryption scheme discovered by River, Shamir and 
Adieman (in 1978). 




AUx^e/cmd/Bcfh' Story 

Alice and Bob want to exchange confidential data in the 
presence of an eavesdropper Eve. 




188 



CHAPTER 8. CAYLEY THEOREM AND PUZZLES 



I'm Sure ywVe hewd Aa about iw 5 

SORDID AFfllR it* TMOSE. GoiSiPV CRYPTCeWFHlC 
PROTDtOL SFECj IvrTH THOSE- BUsmiPiES 
SCHfiHEH ^MD RlVESr ALWWi TSKlNff flUCE'S 
SIDE, USFUNG ««THE.fimatER. 


res. IT'S True, i b%ke bos'5 

FRIVATE. Kty Wtl ESJRACTtD "WE 
TEXT OF HER mESM>f5. BUT C»B 

AfJVONE REALIZE HfflJ AiycH rr_HLgr ' 

? 


HE SHIP iT WAt NOmiMS, Bl/T 
EVeWfTHljJO FWrnEFfSLlt-KE/ 

BLE5 To "fflE- LlROTlX HEART fl^SreO 

CM THE w«< y^mth 'AucE.' 

i 


1 OlDNVl^trTPBeUEVE- 
OF COURSE OH iDME L£VEL 

piAWTEjirAiitek. Byr I 
coiaXkj't Aotit it yNTIU 


SO SERRE Vou « GWlCN-f WSfL 
ME A-njiRD pWVT&'fflE-fflm- 

H/W S5WETWIMG AMD SWE" 
/ r»E IT IWhi- 5rif5 

<Sp fJOT EVE. 



7^5/4 ProtoccrUCl) 



Select two distinct large primes p and q ("large" means 100 
digits©). 
Compute n=pq. 



This function counts the 
integers coprime to n. 



• The Euler totient function of n is *P (n) = (p-l)(q-l). 

• Pick an odd integer e such that e is coprime to (n) 

• Find d such that ed = 1 modulo v (n) . 




e exists because it is 
coprime to the Euler 
totient function! 



Publish e and n as public keys, keep d private. 
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nSA Protocol/ (11) 

• Alice: public key = (n,e), d is private. 

• Bob sends m to Alice via the following encryption: c =m^ mod n. 

• Alice decrypts: m = c"^ mod n. 

Why can Alice decrypt? 

Step 1 c'^ mod n = (m^)'^ mod n. 
Step 2 We have ed =1 +k in) . 

Step 3 Now (m^)'^ mod n = m'^'^^ '^^^'^ = m mod n when m is 
coprime to n. 
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CHAPTER 8. CAYLEY THEOREM AND PUZZLES 



Exercises for Chapter 8 

Exercise 40. • Let G be the Klein group. Cayley's Tlieorem says tliat 
it is isomorphic to a subgroup of 6*4. Identify this subgroup. 

• Let G be the cyclic group C4. Cayley's Theorem says that it is isomor- 
phic to a subgroup of 5*4. Identify this subgroup. 

Exercise 41. Show that any rearrangement of pieces in the 15-puzzle start- 
ing from the standard configuration (pieces are ordered from 1 to 15, with 
the 16th position empty) which brings the empty space back to its original 
position must be an even permutation of the other 15 pieces. 

Exercise 42. Has this following puzzle a solution? The rule of the game is 




II II II IM 
•□□□□□I 

□□□□□□□ 

□□□r 





the same as the solitaire seen in class, and a win is a single marble in the 
middle of the board. If a win is a single marble anywhere in the board, is 
that any easier? 



Chapter 9 
Quotient Groups 



"Algebra is the offer made by the devil to the mathematician. . .All 
you need to do, is give me your soul: give up geometry. " (Michael 
Atiyah) 

Based on the previous lectures, we now have the following big picture. 
We know that planar isometrics are examples of groups, and more precisely, 
that finite groups of planar isometrics arc either cyclic groups or dihedral 
groups (this is Leonardo Theorem). We also know that there other groups 
out there, for example the alternating group, but still, most of the groups we 
have seen can be visualised in terms of geometry. The goal of this lecture is 
to introduce a standard object in abstract algebra, that of quotient group. 
This is likely to be the most "abstract" this class will get! Thankfully, we 
have already studied integers modulo n and cosets, and we can use these to 
help us understand the more abstract concept of quotient group. 

Let us recall what a coset is. Take a group G and a subgroup H. The set 
gH = {gh, g G H} is a left coset of H, while Hg = {kg, h G H} is a right 
coset of H. Consider all the distinct cosets of G (either right or left cosets). 
The question is: does the set of all distinct cosets of G form a group? 

Example 31. Consider G = {0, 1,2,3} to be the set of integers modulo 4, 
and take the subgroup H = {0, 2} (you might want to double check that you 
remember why this is a subgroup). We have two cosets H and 1+H — {1,3}. 
To have a group structure, we need to choose a binary operation. Let us say 
we start with +, the addition modulo 4. How do we add two cosets? Let us 
try elementwise. To compute {0, 2}+{l, 3}, we have {0+1, 0+3, 2+1, 2+3} = 
{1, 3}. It seems not bad, the sum of these two cosets does give another coset! 
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CHAPTER 9. QUOTIENT GROUPS 



Ingredients: 

• A group G, a subgroup H, and cosets gH 

Flhe set gH={gh, h in H} is called a left coset of H. ^1 

The set Hg={hg, h in H} is called a right coset of H. 

• Group structure ^ 

9) 

Q 



When does the set of all cosets of H form a group? 



1^ €)ccLmpley (I) 



All cosets of H: 0+H={0,2}, 1+H = {1,3},2+H={a2},3+H={3,l} ■ 
The set of cosets is { {0,2}, {1,3} }. Does it form a group? 
We need a binary operation, say we keep +. 



G= {0,1,2,3} integers modulo 4 
H={0,2} is a subgroup of G. 
The coset 1+H ={1,3}. 


Let us compute! 

• {0,2}+{0,2}={0,2} 

• {0,2}+{l,3}={l,3} 

• {1,3}+{1,3}={0,2} 


G 




2 13 






1+{1,3}={2,0},3+{1,3}={0,2} 
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Let us try to do that with both cosets, and summarize it in a Cay ley 
table. 





{0,2} 


{1,3} 


{0,2} 
{1,3} 


{0,2} 
{1,3} 


{1,3} 
{0,2} 



We notice that we indeed have a group structure, since the set of cosets is 
closed under the binary operation +, it has an identity element {0, 2}, every 
element has an inverse, and associativity holds. In fact, we can see from the 
Cay ley table that this group is in fact isomorphic to the cyclic group €2- 

In the above example, we defined a binary operation on the cosets of H, 
where is a subgroup of a group (G, +) by 

{g + H) + {k + H) = {g + h + k + h' ioT all h, h'}. 

We now illustrate using the same example that computations could have been 
done with a choice of a representative instead. 

Example 32. We continue with the same setting as in Example 31. Since 
+ ii" = {0, 2} and 1 + ii" = {1, 3}, we have 

{0 + H) + {l + H)^{0 + l) + H + H 

using the representative from + H and 1 from 1 + H. Alternatively, if 2 
and 3 are chosen as representatives instead, we have 

{2 + H) + {3 + H)^{2 + 3) + H + H 

since 5=1 mod 4. There are in total 4 ways of choosing the coset repre- 
sentatives, since and 2 can be chosen for the first coset, and 1 and 3 could 
be chosen in the second coset. Any choice will give the same answer as the 
sum of the two cosets. 
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CHAPTER 9. QUOTIENT GROUPS 



1^ €)campley (II) 




This is the cyclic 
group C2! 



{0,2} {0,2} {1,3} 

{1,3} {1,3} {0,2} 



We observe 

1. The set of cosets is closed under the binary operation +. 

2. It has an identity element {0,2}. 

3. Every element has an inverse. 

4. Associativity 



l^'E)campley(III) 



Can be computed 

using coset 
representatives! 



+ 


{0,2} 


{1,3} 




{0,2} 


{0,2} 


{1,3} 




{1,3} 


{1,3} 


{0,2} 





G= {0,1,2,3} integers modulo 4. H={0,2} is a subgroup of G. 
All cosets of H: 0+H={0,2}, 1+H = {1,3},2+H={0,2},3+H={3,1} . 

How to compute with cosets: 

• {0,2}=0+H=2+H: {0,2}+{0,2}=(0+H)+(0+H)=(0+0)+H=H={0,2} 

=(0+H)+(2+H)=(0+2)+H=H={0,2} 

• {1,3}=1+H=3+H: {0,2}+{l,3}=(0+H)+(l+H)=(0+l)+H=l+H={l,3} 

=(2+H)+(3+H)=(2+3)+H=l+H={l,3} 
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Let us now revisit integers modulo n. We recall that a and h are said to be 
congruent modulo n if their difference a — 6 is an integer which is a multiple 
of n. We saw that being congruent mod n is an equivalence relation, and 
that addition modulo n is well defined, which led to the definition of group 
of integers modulo n with respect to addition. 

Now consider the group G = Z of integers, and the subgroup H — nZ, 
that is 

H = nZ = {..., — 2n, — n, 0, n, 2n, . . .} 

is the set of multiples of n (you might check that this is indeed a subgroup). 
We now consider the cosets of H, that is 

-2 + H,-l + H,0 + H,l + H,2 + H,.... 

Example 33. If n = 3, then H = 3Z consists of the multiple of 3. We have 
exactly 3 distinct cosets, given by 

+ H,l + H,2 + H 

since Z is partitioned by these 3 cosets. Indeed, + H contains all the 
multiples of 3, 1 + H contains all the multiples of 3 to which 1 is added, and 
+ H all the multiples of 3, to which 2 is added, which cover all the integers. 

Now when we do computations with integers modulo 3, we choose a coset 
representative. When we compute (0 mod 3) + (1 mod 3), we are looking 
at the sum of the coset (0 + H) and of the coset {1 + H). 
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CHAPTER 9. QUOTIENT GROUPS 



2'^ €)uimpley: Ke<:>(M/ lA^eg^y mod/ vv 

For a positive integer n, two integers a and b are said to be 
congruent modulo n if their difference o - b is an integer 
multiple of n: a = b mod n. 

Being congruent mod n is an equivalence relation. 

Addition modulo n was defined on equivalence classes, since we 
showed that it is well defined independently of the choice of 
the representative! 

Group of integers modulo n 




Consider the group G of integers Z . Let H =n Z be the sub-group 
formed by multiple of n. 
All cosets of H: ...,-2+H,-l+H,0+H, 1+H, 2+H ... 



Example : n= 3, 0+H, 1+H, 2+H partition G 



Check it's a 
subgroup! 



-8 


-7 


-6 


-5 


-4 


-3 


-2 


-1 





1 


2 


3 


4 


5 


6 


7 


8 





0+H 


1+H 


2+H 


^O+H 


0+H 


1+H 


2+H 


1+H 


1+H 


2+H 


0+H 


2+H 


2+H 


0+H 


1+H 



Coset representatives are used for 
coset computations 



0+H =equivalence class of mod 3 
1+H =equivalence class of 1 mod 3 
2+H =equivalence class of 2 mod 3 
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In the case of integers modulo n, we do have that cosets form a group. 
Now we may wonder whether this is true in generaL To answer this question, 
let us take a general group G, and its set of cosets. We need to define a binary 
operation: 

igH,g'H)^igH)ig'H) 

multiplicatively, or 

{g + H,g' + H)^{g + H) + {g' + H) 

additively. Now, is the set {gH, g & G} closed under this binary operation, 
that is, is it true that 

{gH){g'H)=gg'H 

multiplicatively, or 

(g + H) + {g' + H) = {g + g') + H 

additively. Let us see what happens multiplicatively. If we choose two ele- 
ments gh G gH and g'h' G g'H, then 

{gh)ig'h')^gg'hh' 

in general. We do have equality if the group is Abelian, but otherwise there 
is no reason for that to be true. This leads us to the following definition. 

Definition 18. A subgroup H of {G, ■) is called a normal subgroup if for all 
g E G we have 

gH = Hg. 

We shall denote that if is a subgroup of G by if < G, and that ii is a normal 
subgroup of G by ii < G. 

One has to be very careful here. The equality gH = Hg is a set equal- 
ity! It says that a right coset is equal to a left coset, it is not an equality 
element wise. 
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]A}he4a/(i(y'Co^fetyfbrm/c^QroiAp? (I) 

• G a group, H a subgroup, gH={gh, h in H} a coset. 

• Consider the set {gH, g in G}. 

• We need to define a binary operation: 

map gH and g'H to (gH)(g'H) multiplicatively 
map (g+H) and (g'+H) to (g+H)+(g'+H) additively 

Is the set {gH, g in G} closed under this binary operation? 

(gH)(g'H)=gg'H multiplicatively ^ 
(g+H)+(g'+H)=(g+g')+H additively % 



WheA^dcy-Co^retyfbrm/CiyQrcnAp? (II) 

(gH)(g'H)=gg'H multiplicatively 
(g+H)+(g'+H)=(g+g')+H additively % 

Take gh in gH and g'h' in g'H. 

Do we have that (gh)(g'h') =gg'h"? 

Not necessarily.. .True if G is abelian, otherwise not clear. 

If gH=Hg, then gh=h'g, and the set {gH, g in G} is closed under 
J:he binary operation. 



This does NOT 
mean gh=hg, this 
means gh=h'g. 
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Now suppose we have {G, ■) a group, H a normal subgroup of G, i.e., 
H < G, and the set of cosets of H in G, i.e., the set G/H defined by 
G/H = {gH\g e H} . 

Theorem 16. If H <\ G, then {G/H, {giH){g2H) = [gig2)H) is a group. 
Proof. To check what we have a group, we verify the definition. 

1. Closure: {giH){g2H) = gi{Hg2)H = gig2H E G/H using that g2H = 
Hg2. 

2. Associativity follows from that of G. 

3. eH = H is the identity in G/H. 

4. Finally g^^H is the inverse of gH in G/H, since 

igH){g-'H) = igg~')H = H. 

We also need to show that the operation combining two cosets to yield a 
new coset is well defined. Notice that 

{gH,g'H)^gg'H 

involves the choice of g and g' as representatives. Suppose that we take 
gi G gH and g2 G g'H, we need to show that 

{giH,g2H)^gg'H. 

Since gi G gH, then gi = gh for some h, and similarly, since g2 G g'H, then 
92 = g'h' for some h' in H, so that 

g,H = ghH = gH, g2H = g'h'H = g'H 

and 

ig^H)ig2H) = {gH)ig'H)=gg'H 

as desired. 

□ 

The group G/H is called quotient group. 
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Qujotlerit QrcTiXp (I) 

Let G be a group, with H a subgroup such that gH=Hg for any g in G. 
The set G/H ={gH, g in G} of cosets of H in G is called a quotient group. 

cocy^ Anything ^ 
We need to check that G/H is indeed a group missing? "V^ 

• Binary operation: G/H x G/H , (gH,g'H) ^ gHg'H is associative 

• Since gH=Hg, gHg'H=gg'H and G/H is closed under binary operation. 

• The identity element is IH since (lH)(gH)=(lg)H=gH for any g in G. 

•The inverse of gH isg iH: (gH)(g-iH)=(g-iH)(gH)=(gg-i)H=(g-ig)H=H. 



Qujottev\t QroiXp (II) 

^ We need to check the binary operation does not depend on 
t) the choice of coset representatives. 

(gH,g'H) -> gHg'H=gg'H Involves choosing g and g' as 

respective coset representatives!! 

Suppose we take g;^ in gH and gj in g'H, we need that giHg2H = gg'H. 

g;^ in gH thus g;^ =gh for some h, gj in g'H thus g2 = g'h' for some h'. 
Now g;^H =(gh)H for some h, and gj H =(g'h')H for some h'. 
Thus giH gjH =(gh)H (g'h')H=gHg'H=gg'H as desired. 
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The order of the quotient group G/H is given by Lagrange Theorem 

\G/H\ = \G\/\H\. 

Example 34. Continuing Example 31, where G — {0,1,2,3} and H — 
{0, 2}, we have 

\G/H\ =4/2 = 2 
and G/H is isomorphic to C2. 

Example 35. When G = Z, and H — nZ, we cannot use Lagrange since 
both orders are infinite, still \G/H\ — n. 

Example 36. Consider Dihedral group D„. The subgroup H — (r) of rota- 
tions is normal since 

1. if r' is any rotation, then r'r = rr', 

2. if m is any refiection e mr = r~^m always. 

Hence rH — Hr, mH — Hm and r'^m^H — r^Hm^ — Hr'^m^ for j = 0, 1 and 
i — 0, . . . ,n — 1. 

Suppose now G is a cychc group. Let if be a subgroup of G. We know 
that H is cyclic as well! Since G is cyclic, it is Abelian, and thus H is normal, 
showing that G/H is a group! What is this quotient group G/Hl 

Proposition 10. The quotient of a cyclic group G is cyclic. 

Proof. Let if be a subgroup of G. Let xH be an element of G/H. To show 
that G/H is cychc, we need to show that xH = (gH)'^ for some k and gH. 
Since G is cyclic, G — (g) and x — g^ for some k. Thus 

xH = g'^H = (gH)''. 

□ 
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Qujotlerit QrcriXp (111) 

Let G be a group, H a subgroup of G such that gH=Hg and G/H 
the quotient group of H in G. 

What is the order of G/H? 

By Lagrange Theorem, we have: 
|G/H|=[G:H]=|G|/|H|. 



1^ €)UMVVple/A§<MAV 

G= {0,1,2,3} integers modulo 4. H={0,2} is a subgroup of G. 

G is abelian, thus g+H = H+g. 

G/H is thus a group of order 2: G/H = 
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2"^ €)campleyA^a4yn/ 



Consider the group G of integers Z . Let H =n Z be the subgroup 
formed by multiple of n. 

Since Z is abelian, g+H = H+g for every g in G. 
G/H is thus a group of order n. j 1 



3 '"'^ €)ccLmpley: the/ V ChedrcU/ QrcnXp (I ) 



Dn={ <r,m> I m2=l, r"=l, mr =r^m} 
Let r' be a rotation. 

• rr'=r'r since the group of rotations is abelian. 

• mr' = (r')"^m 

H=<r>=group of rotations, then rH=Hr and mH=Hm. 
r'mjH=r'Hmj =Hr'mj for j=0,l and i=0,...,n-l. 
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Q uxytierit of Cyclic/ Qroupy (I ) 

• Let G be a cyclic group. Let H be a subgroup of G. 

• We know that H is a cyclic group too. 

• Since G is abelian, we have gH=Hg for every g in G. 

• Thus G/H is a group! 

What is the quotient group of a cyclic subgroup in a cyclic group? 



QuiotCevit of CycKxy Qroupy (II) 

Proposition. The quotient of a cyclic group G is cyclic. 

Proof. Let H be a subgroup of G, and let xH be an element of G/H. 
To show, G/H is cyclic, namely xH =(gH)'^ for some k and gH. 

Since G is cyclic, we have G=<g> and x=g'^ for some k. 
xH=gkH=(gH)^ 

A_ , 

gH is thus the 
generator of G/H! 
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The notion of quotient is very important in abstract algebra, since it 
allows us to simplify a group structure to what is essential! 

Example 37. The reals under addition (M, +), the subgroup of in- 

tegers. We have (Z, +) < (R, +) because of the fact that (R, +) is abehan! 
Now 

R/Z = {r + Z\r eR} . 

The cosets are r + Z with r G [0, 1). M/Z is isomorphic to the circle group S of 
complex numbers of absolute value 1. The isomorphism is 0[(r + Z)] = e*^'^''. 
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Why do- wey ocwe^ obotAt QiAjotlent QrotApy? 

The notion of quotient allows to identify group elements that 
are "the same" with respect to some criterion, and thus to 
simplify the group structure to what is essential. 



Suppose we only care about the parity of an integer. For 
example, to compute (-1)^ it is enough to know whether k is 



Looking at k modulo 2 = to work in the quotient group Z/2S . 

In this quotient group, every even nunnber is identified to 
0, and every odd number to 1. 

This identification is done via equivalence classes! Even numbers 
are an equivalence class, and so are odd numbers. 



€)UMvvple/: Parity 




k modulo 2 
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1Zeccdl/C(>irety 

Recall We have giH=g2H if and only if g^^'^ g2 is in H. 

Generating the same coset is an equivalence relation! 

• It is reflexive: g"i g =1 is in H 

• It is symmetric: if g2 is in H, then (g^'^ g2) gj"^ g^ is in H. 

• It is transitive: if g^^'^ gj in H and g2"i gg , then 
(gi"^ g2)(g2"^ g3)= gi"^ gsin H. 




a coset = an equivalence class 



group elements that are "the same" 
I with respect to some criterion 



On£y vvuyre/^)uvmple/ (I) 

Take G=( H ,+), it has H=( Z,+) as a subgroup. Since G is abelian, 
we have that g+Z =Z+g. 

What is the quotient group G/H ? 




G/H = Si (circle) 



1. http://www.dreamteamcar.fr/upload/RessortOIVI EAJ2.jpg 
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CHAPTER 9. QUOTIENT GROUPS 



O ne^ wuyrey €)campley (II) 



Let us show the isomorphism formally. 

Wedefinea mapf: M/S ^ S^. 

r+ Z ^ e^i"^ 



• f is a group homomorphism: 

f((r+Z )+(s+Z ))=f((r+s)+ I,)=e»'^ =e^''''e^'''' = f(r+S )f(s+Z) 

• f is a bijection: it is clearly a surjection, and ife^'"'' =e2'"%then 
r = s+Z that is r-s is in Z , showing that r+Z =s+Z . 



Pure/ MotK^ . . 



Fields ARfJAUGED bv PoRiry 

MORE PORE 



SociouXyiS P5«:HDUGris BWoGriS wen is ust oh, hEv; i O'ON t 

JlBTflPPLiro TUCT miED JVSrAPHIED APPtlEO RHVSCS, SEEYOOMSAU- 

F^ycHOLOGy BaooY. qhemistri' m w^ce td me lAV over thbe. 




Soooioeisre P5Vl>i(W)Bisrs S«ioasi3 chejiists PMysicisre nmnEnm-KiAsJS 
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Exercises for Chapter 9 

Exercise 43. Consider the Klein group G = {l,f,g,h}. 

• What are all the possible subgroups of G7 

• Compute all the possible quotient groups of G. 

Exercise 44. Consider the dihedral group D4. What are all the possible 
quotient groups of D^l 

Exercise 45. Consider A the set of affine maps of R, that is 
A ^ {f : X ^ ax + b, a e M*, beR}. 

1. Show that A is a group with respect to the composition of maps. 

2. Let 

N ^ {g : X X + b, 6 G R}. 
Show that the set of cosets of N forms a group. 

3. Show that the quotient group A/N is isomorphic to R*. 
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Chapter 10 
Infinite Groups 



The groups we have carefully studied so far are finite groups. In this chapter, 
we will give a few examples of infinite groups, and revise some of the concepts 

we have seen in that context. 

Let us recall a few examples of infinite groups we have seen: 

• the group of real numbers (with addition), 

• the group of complex numbers (with addition), 

• the group of rational numbers (with addition) . 

Instead of the real numbers M, we can consider the real plane M^. Vectors 
in form a group structure as well, with respect to addition! Let us check 
that this is true. For that, we check our 4 usual properties: (1) the sum of two 
vectors is a vector (closure), (2) addition of vectors is associative, (3) there 
is an identity element, the vector (0,0), and (4) every vector {xi,X2) G 
has an inverse, given by (— xi, — X2), since 

{xi,X2) + {-Xi, -X2) = (0, 0). 
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CHAPTER 10. INFINITE GROUPS 



Examples of I nfvviCtey Qrcncpy 



The real numbers 
The complex numbers 
The rational numbers 




y 













^2 ■ 


3.1) 


(0.1) 












(1.0) ^ 

-1 




2 













X 



http://upload.wikime(Jia.org/wikipedia/commons/thumb/9/9a/Basis_graph_%28no_label%29.svg/4 
00px-Basis_graph_%28no_label%29.svg.png 
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The example that we just saw with is a special case of a vector space. 
Vector spaces are objects that you might have seen in a linear algebra course. 
Let us recall the definition of a vector space. 

Definition 19. A set is a vector space over a field (for us, we can take 
this field to be M) if for all u,v,w & V 

1. u + V & V (closure property), 

2. u + V = V + u (commutativity), 

3. u + {v + w) = {u + v) + w (associativity), 

4. there exists E V such that u + = + u, 

5. there exists —v such that (— f ) + v = 
and for all x, y G M we have 

1. x{u + v) = XU + XV, 

2. (x + y)u = XU + XU, 

3. x{yu) = {xy)u 

4. lu = u, where 1 is the identity of M. 

We recognize that the first axioms of a vector space V are in fact request- 
ing V to be an Abelian group! 

Example 38. The ra-dimensional real space M" = {{xi, X2, ■ ■ ■ , Xn) |xj G M, i = 
is a vector space over the reals. 

Example 39. We already know that the set C of complex numbers forms a 
group. Now 

C = {x + iy\x, y G M} 

is a vector space over M, which gives another proof that C forms a group 
under addition. 
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CHAPTER 10. INFINITE GROUPS 



VefMtixyn/ of Vector Space/ 

A set V of vectors, a set F (field, say the real numbers) of scalars. 

• Associativity of vector addition: v, + (v, + v,) = (v, + v,) + v,. 1 j 

We recognize the 

[ • Commutativity of vector addition: Vi + V; = V2 + "i- \ I group definition! 

' • Identity element of vector addition: there exists E 1/ such that v + = v for all v E \/.\ 
•Inverse elements of vector addition: for all v E V, there exists -v E \/such that v + (-v) = 0. | 

• Distributivity of scalar multiplication w/r vector addition: n(Vi + Vj) = nVj + n\i2. 

• Distributivity of scalar multiplication w/r field addition : (rij + n^lv = tijV + n2M. 

• Respect of scalar multiplication over field multiplication: (n^ v) = (n^ n^lv . 

• Identity element of scalar multiplication: Iv = v, where 1 = multiplicative identity in F. 



VefMtixyn/ of Vector Space/ UeA/iMed/ 

The word field can be easily replaced by 
re^ nun^o& cs if you don't know it. 

A set V of vectors, a set F (field, say the real nunnbers) of scalars. 

• Vectors form an abelian group with respect to addition. 

• Inverse elements of vector addition: for all v E V, there exists -v E l/such that v + (-v) = 0. 

• Distributivity of scalar multiplication w/r vector addition: s(Vi + V2) = svj + svj. 

• Distributivity of scalar multiplication w/r field addition : (n^ + n^lv = n-y + n^v. 

• Respect of scalar multiplication over field multiplication: n_; (n^ s) = (n^ n^)^ ■ 

• Identity element of scalar multiplication: Is = s, where 1 = multiplicative identity in f . 
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A vector space is thus an Abelian group. What is the order of this group? 
It's infinity! 

Now we might wonder what are the subgroups of this group. They are in 
fact subspaces, as follows from the definition of a subspace. 

Definition 20. Let \^ be a vector space over some field F and ?7 be a subset 
of V. If f/ is a vector space over F under the operations of V (vector addition 
and multiplication by elements of F), then U is called a subspace of V. 

Let us recall the definition of a basis of a vector space. 

Definition 21. A basis of is a set of linearly independent vectors of 
V such that every element f is a linear combination of the vectors from this 
set. 

Example 40. The set {(1, 0), (0, 1)} is a basis of the two-dimensional plane 
M?. This means that every vector x G can be written as 

X = Xi(l, 0) + X2(0, 1), Xi, X2 G M. 

Now let us think of what happens in the above example if we keep the two 
basis vectors (1,0) and (0, 1), but now restrict to integer coefficients Xi,X2- 
We get a set of the form 

= Zi(l, 0) + X2(0, 1), Xi,X2GZ}. 

If you plot it, you will see that you find an integer grid! 
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CHAPTER 10. INFINITE GROUPS 



Qrcrup ofVectory 

If we consider a vector space V, the vectors form an abelian 
group. 

What is its order? It is infinite... 



When we have a group, we saw we can have subgroups. 

Group ^"^^ Vector space 
Subgroup ^H^^ Subspace 
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Suhiipcice^r'oftheyZ -dXme^mtxyvicd/ Planer 




A subset of a vector space which is also a vector space is 
called a subspace. 

A subspace of V is thus a subgroup of the group V of vectors. 
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Ba^riy of cv Vector Spaoe/ 

A basis is a set of linearly independent vectors which span the 
whole vector space (any other vector can be written as a 
linear combination of the basis vectors). 

Let X be a vector in V, a vector space over the real numbers 
with basis {v^, Vj,..., v^,}, then x = x^^ + X2 + ... + v^, where 
Xp..., Xr, are real. 

Example. The 2-dimensional real plane has for example 
basis {Vi=(0,l), V2=(l,0)}. 



Integer LOneur ComhOnatixyvw? 

Let X be a vector in V, with basis {v^, Vj,..., v^,} over the reals, 
then X = X;^ + X2 V2 + ... + x^, v^, where x^..., x^, are real. 

What happens if x^..., x^^ are in fact integers? 
Example. The 2-dimensional plane has for example basis 

{vi=(ai), v2=(i,o)}. 

x= Xj^(0,l) + X2 (1,0) where x^ X2 are integers. 
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We might ask whether the integer grid 

{x = Xi(l, 0) + X2(0, 1), Xi, X2 G Z} 

still has a group structure. In fact, we could ask the same question more 
generally. Suppose that we have two linearly independent vectors vi,V2, 
does the set 

L = {x = XiVi + X2V2, Xi, X2 G Z} 

form a group? We already know that addition of vectors is associative. If we 
take two vectors in L, their sum still is a vector in L (we need to make sure 
that the coefficients still are integers), so the closure property is satisfied. 
The identity element is the vector (0,0), and every element has an inverse. 
Indeed, if we have a vector {xi,X2) with integer coefficients then (— Xi, —X2) 
also has integer coefficients, and their sum is (0, 0). In that case, L is called 
a lattice, and it forms an infinite Abelian group. 

A subset of the lattice L which itself has a subgroup structure is called a 
sublattice. 
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1^ Example/ 

• • • • 

« • ( I x » 



Qroxxp Structure/? 

Take two linearly independent vectors Vj,V2 in the 2-dimensional 
real plane. Consider the set {X]^Vi+X2V2,XpX2 integers}. 

Does it form a group? 
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Latttce/ 

Take two linearly independent vectors Vj,V2 in the 2-dimensional 
real plane. The set L={Xj^Vi+X2V2,XpX2 integers} forms a group 
called a lattice. 

• Addition of vectors is associative. 

• Closure: (X;^Vi+X2V2)+(x3Vi+X4V2)= (xi+X3)Vi+(x2+X4)v2 is in L. 

• Inverse: -X1V1-X2V2 is the inverse of X;^Vi+X2V2 is in L. 

• Identity is the zero vector. 

A lattice is an infinite abelian group. 
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SuhlcUtCce/ 

When we have a group, we saw we can have subgroups. 

Group ^"^^ Lattice 
Subgroup ^H^^ Sublattice 
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We spent quite some time at the beginning of theses lectures to study 
isometries of the plane. What happens with the isometries of the integer 
grid? 

The isometries of — > were completely characterized and analyzed 
before and we know that a planar isometry (/? is of the form 



x' 











" 1 " 




X 








_0 {-If _ 




. y . 


+ 





{x,y) ^ {x',y') 

cos 9 — sin 9 
sin 9 cos 9 



Let us now consider the integer grid lattice 

— {(m, n)|m e Z, n e Z} . 

The isometries of the integer lattice, under the Euclidean distance defined 
over R^ will be a subgroup of the group of planar isometries, i.e., they will 
be of the form 



m 
n' 



I 



{m, n) 1—^ {m , n 



1 








m 
n 



+ 



/3i 

/32 



D 



The restriction of having to map integer coordinate points to integer co- 
ordinate points immediately imposes the following constraints on 9d and 
[/3i,/32]^: 

1. [A,^2]^eZ2 

2. cos 6' and sin^ must be integers or zero, hence their possibilities are 
{-1, 0, 1} yielding ^ = 0, 90°, 180°, 270°, 360°. 

Hence the set of isometries of the integer lattice/grid forms a group of 
planar transformations involving integer vector translations and rotations by 
multiples of 90°. 
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iKnyvetrCe^r- of tHe/ Planer 



We already know: 

Theorem An isometry H of the plane is necessarily of the form j 

• H(z)=az + P, or 

• H(z)=az + p 
with |a|=l and some complex number p. 



In matrix form: 

Rg M z + b, where Rg =rotation matrix by angle of G, 

M=reflection matrix, b=translation vector. 



We keep the basis vectors (1,0) and (0,1), but now instead of 
the 2-dimensional plane, by taking integer coefficients, we get 
the integer grid. 
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lisomjetrle^ of the/ 1 nteger QrCd/ (II) 

What are the isometries of the integer grid? 

They are a subset (in fact subgroup) of the isometries of the 
plane, which sends integer points to integer points. 

In matrix form: 

Rg M z + b, where Rg =rotation matrix by angle of 9, 

M=reflection matrix, b=translation vector. 

1. The translation vector b must be part of the integer grid. 

2. cosB and sinB must be 0,+l or -1. 



QuxytCentQroiAp (I) 

• The integer grid lattice is a subgroup H of the 2-dimensional 
real plane seen as an abelian group G. 

• Since G is abelian, H satisfies that g+H = H+g. 
What is the quotient group G/H? 



Take the unit square 
[0,l[x[0,l[. 
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QujOtievxtQroiXp (II) 




Take the unit square 
[0,l[x [0,1[. In the 
quotient group, the two 
unit intervals in red are 
the same thing. 



Qwotier^ QrcnXp (III) 




Take the cylinder 
obtained by gluing two 
sides of the unit square 
[0,l[x [0,1[. In the 
quotient group, the two 
unit circles in green are 
the same thing. 



http://en.wikipedia.0rg/wiki/File:Zigzag rhombic lattice. png 
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Exercises for Chapter 10 

Exercise 46. • Show that the complex numbers C form a vector space 
over the reals. 

• Give a basis of C over the reals. 

• In the lecture, we saw for that we can obtain a new group, called a 
lattice, by keeping a basis of but instead considering integer linear 
combinations instead of real linear combinations. What happens for C 
if we do the same thing? (namely consider integer linear combinations) . 

Exercise 47. Consider the set M.2(^) of 2 x 2 matrices with real coefficients. 

1. Show that A^2(R) forms a vector space over the reals. 

2. Deduce that it has an abelian group structure. 

3. Give a basis of M.2(^) over the reals. 

4. What happens for M.2(^) if we keep a basis over the reals and consider 
only integer linear combinations instead of real linear combinations? 
Do we also get a new group? If so, describe the group obtained. 
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Chapter 11 
Frieze Groups 



We conclude this class by looking at frieze groups. A frieze pattern is a 
two dimensional image that repeats periodically in one direction. We shall 
consider that the repetition is in the x-axis direction. 

The repetition periodicity will be set to 1. Therefore we are considering 
a bivariate function I{x, y) periodic in x, that is such that 

I{x + 1, = /(x, y), X e {—oo, +00) 

Usually y is restricted to y G [— ^, so that the frieze is a unit width 
band carrying a repetitive pattern in the x-direction. Frieze patterns are 
popular ornaments in architecture, textiles, on fences etc., and can be very 
beautiful and elaborate. We will study the possible symmetries that such 
patterns can have, and we shall prove that there are exactly seven groups of 
isometries that can arise as symmetries of planar friezes. 

By definition, all the symmetry groups of friezes will have the subgroup 
of translations by integers in the x-direction included. This subgroup is 
generated by the basic mapping 

r : {x,y) (x + l,y). 

(r) is the infinite cyclic group of integer translations isomorphic to (Z, +). 

Now the basic pattern of the frieze defined over the square [— |, ^] x [— |, ^] 
is a finite planar shape which can have symmetries and properties that may 
induce further symmetries for the whole frieze. 



229 



230 CHAPTER 11. FRIEZE GROUPS 



What are/ frCeg^? 




Pottery jar. Southern Iraq (4500-4000 BC). 



http://en.wikipedia.Org/wiki/File:Frieze-group-3-examplel.ipg 



frie^VefMtixyn/ 



A frieze pattern is a two dimensional image that repeats 
periodically in one direction (say the x-axis). 








i 


It 




-1/2 
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1 3 


/2 



T 



The periodicity is set to 1. 
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Tile Frieze, Palacio de Velazquez, Madrid, Spain 




Meander Frieze, San Giorgio Maggiore, Venice, Italy 



http://mathdl.maa.org/images/upload librarv/4/voll/architecture/Math/f3.ipg 
http://mathdl.maa.0rg/images/upload_library/4/voll/architecture/Math/f4.jpg 



• Groups of symmetries of frieze patterns. 

• We will see: there are exactly 7 such groups. 
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• All the symmetry groups of friezes have the subgroup of 
translations by integers included by definition. 

• This subgroup is generated by t: (x,y)-> (x+l,y). 











-1/ 


z 


] 


/2 


1 


3/2 



• <T> = infinite cyclic group of integer translations. 



VertCccU/ M (rror Kefie^^tton^ 



v: (x,y) ^ (-x,y), \/^=l 



-1/2 



1/2 



Induced Frieze 
pattern 
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For example we might have a reflection symmetry w.r.t the x-axis and/or 
the y-axis. Such a symmetry of the basic pattern will yield immediately 
corresponding symmetries of the frieze. 

Let us denote by v the vertical symmetry 

V : (x,y) I — > {-x,y) 

and by 

h : (x,y) I — > {x,-y), 

the horizontal symmetry. 

Clearly we have v'^ — e, — e, since these are both reflection isometries. 
We have 

hv = vh: {x,y) i — > {-x, -y), 

a rotation by 180 degrees, yet another possible symmetry that the basic shape 
can have. 
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HorU^fOntcd/ Mirror KefLecUovw 



-1/2 



1/2 



h:(x,y)^(x,-y), h^=l 



Induced Frieze 
pattern 



Mirror U&flection^ 



1/2 1/2 



hv=vh: (x,y) ^ (-x,-y), (hv)2=l. 



Induced Frieze 
pattern 
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Notice that all the frieze symmetries will leave the invariant (i.e., 

will map it to itself). The subgroup of isometries that map the x-axis to 
itself contains all isometries that combine: 

1. translations along the x-direction 

2. reflections about the 

3. reflection about any axis perpendicular to x 

4. glide reflections along the x-direction 

5. rotations by 180° or its multiples centered on the x-axis. 

The study of frieze groups is in fact the study of all subgroups of this 
group that are discrete, hence their subgroup of translations will have to be 
(r) where the unit of translation is the minimal one reproducing the frieze! 

To complete the possible symmetries that friezes can have, we must also 
consider glide reflections that preserve the x-axis. Denote by 7 a ghde reflec- 
tion about X, i.e., 

7 : {x,y) I — v{x + a, -y). 

We clearly have 

7^ : {x,y) I — > {x + 2a,y), 

i.e., a translation by twice a as deflned above. Therefore taking a = 1/2 we 
get 

7 : {x,y)^ — >{x + ^,-y) 
7^ : {x,y)\ — >{x + l,y), 

hence 7^ = r. 

Therefore we can generate r by applying 7 twice. 
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• All frieze symmetries leave the x-axis invariant. 

• The subgroup of isometries that map the x-axis to itself 
contains all isometries that combine: 

1. Translations along the X-axis 

2. Reflections with respect to the x-axis 

3. Reflections with respect to the y-axis, or an axis 
perpendicular to x 

4. Glide reflections along the x-axis 

5. Rotations by 180 degrees, or its multiples 
centered on the x-axis 



• Y = glide reflection that preserves the x-axis 
y: (x,y) ^ (x+a,-y) 

• Note that y^: (x,y)^(x+2a,y) . 
Thus it is a translation by 2a. 

Take a=l/2, to get y: (x,y) ^ (x+l/2,-y) and y2=T. 




-1/2 1/2 
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Theorem 17. All transformations that preserve the x-axis and have as sub- 
groups of translations (r) can be generated by r, h, 7, hence all frieze groups 

must be subgroups of {v, h, 7) . 

Proof. 1. Any translation by integers can be generated. This is true since 
7^ = r, hence we have (7^) = (r) . 

2. Any horizontal reflection can be generated: true because we have h. 

3. Any reflection in a frieze will be about an integer or about an half 
integer point. Let Vp be any vertical reflection. Then 

Vp : {x, y) I — )■ (2p - x,y) ^ Vpv{x, y) = Vp{-x, y) ^ {x + 2p, y), 

hence 2p is an integer because we only allow integer translations and 
Vp is generated by {vpV is a translation, thus some power of r = 7^): 

VpV = (7^)'= =^Vp = {^Yv- 

4. Consider a half turn about a point P 

Tp : {x,y) ^ {2p-x,-y). 
Then Tph = Vp and wc must have Tp = Vph = {^'^)^rh. 

5. Any glide reflection can be written as 

Gp : (x,y) ^ (x + p, -y), 

hence p is an integer and Gph — (7^)'^ ^ Gp — (72)*^/?- Hence all glide 
reflections possible are generated. 

□ 

After showing that (r, h, 7) included all possible frieze groups, wc must 
show that there are some restrictions too, hence we cannot have all (r, h, 7)- 
sub groups as frieze groups. 

Theorem 18. h and 7 cannot occur together in a frieze group. 

Proof, hr : {x,y) ^-^ {x + ^,y). But we cannot have translation of | in the 
frieze group since then the frieze would have a periodicity of | (and we assume 
that the least periodicity is 1). □ 

These results yield all possible frieze groups as the subgroups of (r, h, 7) . 
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fiyTiit Theorem/ 



All transformations that preserve the x-axis and have as 
subgroup <T> can be generated by v,h,Y, hence all frieze 
groups must be a subgroup of <v,h,Y>- 



Recall the 
transformations 
that preserve 
the x-axIs 



1. Translations along the X-axis 

2. Reflections with respect to the x-axis 

s3. Reflections with respect to the y-axis, or an axis 
perpendicularto x 

4. Glide reflections along the x-axis 

5. Rotations by 180 degrees, or its multiples 
centered on the x-axis 



Seccmd/ Theorem/ 



h and y cannot occur together in a frieze group. 



Proof. If h and y belong to the group, then so does hy. 
But then hy (x,y)=h (x+l/2,-y) = (x+l/2,y). 

Contradicts the periodicity of 1 of the frieze pattern. 
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This theorem gives a classification of Frieze groups. 
Theorem 19. The frieze groups that have no glide reflection symmetries are 

(7^>, (/.,f>, (r,7^>, (/^r,7^>, (r,/.,f>. 
The frieze groups that contain glide reflections are 

(7), {r,l) ■ 

Proof. The first group contains 7^ with all possible combinations of h,r,'j'^. 
The second group of friezes contains glide reflections but 7 cannot occur with 
h. It can occur with hr however, because we have 

hr : {x,y) ^ {-x,-y) 
hr-f : {x,y) ^ {-X - -,y) 

It follows that this is the same as (r, 7) with shifted symmetry axes. □ 

A nice pictorial representation of friezes that have the above 7 types of 
symmetries is given below. 
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The frieze groups that have no glide reflection are: 

<Y^>, <h,Y^>, <v,Y^>, <hv,Y2>, <h,v,y^>. 
The frieze groups that have glide reflections are: 
<Y>, <v,Y>. 

1. First group: with every possible of h and v. 

2. Second group: y but h cannot be there. 
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<v,Y> 





chapter 1 : lisomjetrve^ of they Plane/ 




1. Planar isometries 
(rotation, translation, 
reflections, glide 
translations) 

2. Classification of the 
isometries of the plane 

^ Mandalas ^ 

have a rich 
group of 
1 ^ isometries! y 
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Chapter 1 : vmportcmt 

1. Definition of an isometry 

2. An isometry H of the complex plane is necessarily of the form 

• H(z)=az + P, or 

• H(z)=az + p 

with |a|=land some complex number p. 

TRUE OR FALSE. A planar isometry can have exactly 
2 fixed points. 



Chapter 2 ; Syvmvi&trie^f' of Shape/ 




1. Symmetries of planar 
shapes (rotation, 
translation, reflections, 
glide translations) 

2. Multiplication (Cayley) 
tables 



■^^[^ Nice group 
of 

symmetries! 
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Chapter 2: umportarxt 

1. Definition of a symmetry 

2. How to compute multiplication (Cayley) tables. 

They illustrate: 

• Closure (every row contains all the symmetries) 

• Inverse (every row contains the identity map) 

• Whether commutativity holds 

TRUE OR FALSE. Combining two symmetries of the 
same shape gives another symmetry of this shape. 



Chapter 3: IvxtrodAAxUr^ Qrotcpy 




ition of 
group 

abelian group 
order of group 

order of element 

cyclic group 

subgroup 
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Chapter 3: vmportcmt 

1. Definition of a group, abelian group, subgroup, cyclic group, 
order of a group, order of an element 

2. Prove or disprove a set with a binary operation has a group 
structure. 

3. Compute the order of a group or of an element. 

4. Decide whether a group is cyclic. 

5. Identify subgroups of a given group. 

TRUE OR FALSE. The set of real diagonal matrices 
forms a group with respect to addition/ multiplication. 



Chapter 4; the/Qroup Zoo- 

• Integers mod n 

• roots of unity 
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Chapter 4; umportarxt 



1. Understand integers mod n 

2. The notion of group homomorphism. 

3. The notion of group isomorphism and how to show that two 
groups are isomorphic. 

TRUE OR FALSE. The Klein group is isomorphic to 
the cyclic group of order 4. 



Chapter 5; vnxyre/ Qroup Strwcture/ 




1. Cyclic groups 

2. Cosets, Lagrange 
Theorem and its 
corollaries. 
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Chapter 5: vmportcmt 



1. Cyclic group of order n 

2. Lagrange theorem and its corollaries. 

3. The notion of group isomorphism and how to show that two 
groups are isomorphic. 

TOUE OR FALSE. The Dihedral group D25 contains an 
element of order 11. 






1. Dihedral Groups 

2. Leonardo Theorem 



Snow flakes have 
the dihedral 



group as 
symmetry group! > 
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Chapter 6: umportarxt 



1. What is a dihedral group 

2. The statement of Leonardo Theorem. 



TRUE OR FALSE. The symmetric group S4 of all 
permutations on 4 elements can be interpreted as a 
group of planar symmetries. 



Chapter 7: Pervmxtaticm/ Qrotcpy 




Permutations 



parity of a permutation 
symmetric and 
alternating group 
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Chapter 7: uinportcmt 

1. Formal definition of a permutation 

2. Parity of a permutation. 



TOUE OR FALSE. A permutation can have two 
different parities. 



Chapter 8: Cayley Theorem/, pLV^/^fle^ 




• Cayley Theorem 

• Puzzles (15 puzzle, 
solitaire game) 

• Cryptography 
applications (Caesar's 
cipher, check digit) 



1. Cayley Theorem 

2. Interpret a group as a subgroup of the symmetric group. 
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Chapter 9: quiotCe^^ QrcnApy 




Quotient groups 



A torus is a 
quotient 
group! 



1. Definition of quotient group and normal subgroup. 

2. Identify normal subgroups. 



Chapter 10: v^\flvute/QrcnApy 




Vector spaces and lattices 



< 



This is a 
lattice! 
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Chapter 12 
Revision Exercises 



Here are a few extra exercises that serve as revision. 

Exercise 48. Lagrange Theorem is hkely to be the most important theorem 
of group theory, so let us revise it! Here is a bit of theory first: 

• Can you remember what it states? 

• The proof of Lagrange Theorem rehes on a counting argument, based 
on the fact that cosets partition the group. Can you remember what 
cosets partition the group mean? If so, can you rederive the counting 
argument that proves Lagrange Theorem? 

Now some more practice on how to use Lagrange Theorem! 

• How many groups of order 5 do we have (up to isomorphism)? 

• Consider the group of permutations 5*5. Does contain a permutation 
of order 7? 

• Suppose there exists an abehan group G of order 12 which contains a 
subgroup H of order 4. Show that the set of cosets of H forms a group. 
What is the order of G/Hl Deduce what group G/H is. 

Exercise 49. At the beginning of the class, we started by studying structure 
of geometric figures. We have seen shapes, and been asked what is their group 
of symmetries. 

• Can you remember some of the shapes we studied, and what is the 
corresponding group of symmetries? 



253 



254 



CHAPTER 12. REVISION EXERCISES 



• Do you remember what are all the possible groups arising as symmetries 
of planar shapes? 

• Let us do the reverse exercise: think of a symmetry group, and try to 
draw a figure that has this symmetry group. 

Exercise 50. Let us remind a few things about permutations. 

• What is the formal definition of a permutation? 

• What is the parity of a permutation? 

• Consider the permutation a that maps: 

1^2,2^1,3^5,4^3,5^6,6^4,7^7. 
Compute its parity. 

• We have studied that the group of symmetries of a planar shape can 
be seen as a group of permutations. Do you remember how that works 
(either in general or on an example?) 

Exercise 51. Let us remember that planar isometrics are either of type I: 
H{z) = az + /3, \a\ = 1 or of type IL H{z) = az + \a\ = 1. 

• Show that the isometrics of type I form a subgroup H of the group G 
of planar isometrics. 

• Show that G/H is a, quotient group of order two. 



Chapter 13 

Solutions to the Exercises 



"Intuition comes from experience, experience from failure, and 
failure from trying. " 

Exercises for Chapter 1 

Exercise 1. Let X be a metric space equipped with a distance d. Sliow tliat 
an isometry of X (witli respect to tlie distance d) is always an injective map. 

This exercise shows that one can study isometrics in a much more general 
setting than just in the real plane! In that case, we can only deduce injectivity 
from the fact that the distances are preserved. It is also useful to recall 
the definition of a metrice space. Consider a set X and define on pairs of 
elements of X a map called a distance d : X x X K. with the properties 
that 

1. d{x, y) > for all x,y E X , and d{x, y) = <^==^ x = y (a distance is 
positive). 

2. d{x, y) = d{y, x) for all x,y E X (a distance is symmetric) . 

3. d{x, y) + d{y, z) > d{x, z) for all x,y, z E X (triangle inequality) . 

Solution. Let ip be an isometry of X. We have to show that if (p{x) = (p{y) 
for x,y E X, then x = y. Now by definition of isometry 

d{ip{x),ip{y)) = d{x,y) 
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CHAPTER 13. SOLUTIONS TO THE EXERCISES 



so if (p{x) = (p{y), then 

= d{(p{x),(p{y)) = d{x,y) 

and X = y. Note that d{x, y) = imphes that x = y is part of the axioms of 
a distance! 

Exercise 2. Recall the general formula that describes isometries H of the 
complex plane. If a planar isometry H has only one fixed point which is 1 + 

and H sends 1 — i to 3 + i, then H{z) = . 

Guided version. 

1. Recall the general formula that describes isometries H of the complex 
plane. We saw that an isometry of the complex plane can take two 
forms, either H{z) = . . ., or H{z) = . . . 

2. You should have managed to find the two formulas, because they are 
in the lecture notes! Now you need to use the assumptions given. First 
of all, we know that H has only one fixed point, which is 1 + Write 
in formulas what it means that 1 + i is a fixed point of H (write it for 
both formulas). 

3. Now you must have got one equation from the previous step. Use the 
next assumption, namely write in formulas what it means that H sends 
1 — z to 3 + i, this should give you a second equation. 

4. If all went fine so far, you must be having two equations, with two 
unknowns, so you are left to solve this system! 

5. Once the system is solved, do not forget to check with the original 
question to make sure your answer is right! 

We will provide two solutions for this question. Here is the first one, 
which is done from scratch. 

Solution. We remember that the general formula for a planar isometry is 
either H{z) = az + P, or H{z) = az + P, \a\ = 1. In the first case, that is 
H{z) = az + /3, \a\ = 1, we compute 



1 + i =H{l + i) 
3 + i =H{l-i) 



a{l + i) + (3 
ail -i) + /3 



2 



2ai 




= I 



2 
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We find that H{z) = iz + 2 . Now the question states that there is only one 
fixed point. Let us check that this is true: 

2 

Hiz) =iz + 2 = z z(i - 1) = -2 z = = l + i. 

1 — i 

Since we have only one fixed point, the one we wanted, the answer is H{z) = 
iz + 2 . Now in the second case that is H{z) = az + P, \a\ = 1, we again 
compute 

f 1 + i =H{l + i) =a{l~i) + l3 .o^o -^J" = ~^ 
\3 + i =H{l-i) =a{l + i) + P \p =2i + 2 

We find that H{z) = —iz + 2i + 2. Now the question states that there is only 
one fixed point. Let us check that this is true: 

H{z) = —iz+2i + 2 = z <^=^ zo+izi = —i{zo — izi) + 2i + 2 <^==^ zq + zi = 2. 

We see that z = 1 + i is indeed a fixed point, however, it is not the only one! 
This shows that the final answer to this question is 

H{z) = iz + 2 . 

Here is the second solution, which uses Exercise 3! 

Solution. If you remember Exercise 3, then you can alternatively solve the 
exercise this way. In Exercise 3, we investigated the fixed points of a planar 
isometry, and found the following: 

• H{z) = az + (3, \a\ = 1: 

— All points are fixed when a = 1 and /3 = 0; 

— No fixed point when a = 1 and /3 7^ 0; 

— One and only one fixed point when a ^ 1. 

• H{z) = az + j3, \a\ = 1 (a = e*" and 13 = s + it): 

— No fixed point when s ■ cos| + t ■ sin| 7^ 0; 

— The line 2sin^|-x — 2sin|cos|-?/ = s is fixed when s-cos|+t-sin| = 
0. 
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In fact, you do not need to remember all of that, it is enough that you 
remember that in the second case, if H{z) = az + /3, \a\ = 1, there is 
never a unique fixed point: either we have no fixed point, or we have a line. 
Since there is one and only one fixed point, we only need to look at the case 
H{z) = az + (3, \a\ = 1. Then 

l + i =H{l + {) =a{l + i) + P _9_9 • j a =i 
3 + i =H{l-i) =a{l-i)+/3 ^ =2 

So the answer is H{z) = iz + 2 . 

Exercise 3. Recall the general formula that describes isometrics H of the 
complex plane. If a planar isometry H fixes the line y = x + 1 (identifying the 
complex plane with the 2-dimensional real plane), then H{z) = . 

We can solve this exercise in two different ways, as we did for the previous 
exercise. Let us start from scratch. 

Solution. Suppose that H{z) = az + 13, \a\ = 1 first. If H fixes the line 
y = X + 1, this means that H fixes all the points on this line, so we can take 
two convenient points: 

y = 0, X = —1, and x = 0, y = I 

which in the complex plane correspond to z = x + iy = —1 and z = x + iy = i 
respectively. Now 

i = H{i) = ai + (3 ■— c ^\ ( a =1 

-1 =H{-1) =-a + /3 ^-1 + ^ = "1^-1J ^ I ^ 



This gives us the identity map! We now consider H{z) = az + (3, \a\ = 1, 
and the same two convenient points on the line y = x+1: z = i and z = — 1. 
We solve 

i = H{i) = a{-i) + (3 • i i _ n - '"i ( a =i 

-1 =H{-1) =a{-l)+/3 + 

So the answer is H{z) = iz — 1 + i . We can check that the fixed points are 
indeed the line mentioned. 

Now if we remember Exercise 3, we can do as follows (the same thing as 
in the previous exercise). 
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Solution. Recall again Exercise 3, where we investigated the fixed points of 
a planar isometry: 

• H{z) = az + (3, \a\ = 1: 

— All points are fixed when a = 1 and /3 = 0; 

— No fixed point when a = 1 and /3 7^ 0; 

— One and only one fixed point when a 7^ 1. 

• H{z) = az + (3, \a\ = 1 (a = e*^ and (3 = s + it): 

— No fixed point when s ■ cos| + t ■ sin| 7^ 0; 

— The line 2sin^|-x — 2sin|cos|-?/ = s is fixed when s-cos|+t-sin| = 
0. 

Since the fixed points form a line, we know that it cannot be H{z) = az + 13, 
because then it never happens that only a line is fixed. Thus we only need 
to consider H{z) = az + P, \a\ = 1. Take the same two convenient points on 
the line y = x + 1: z = i and z = —1 and solve 

(i = H{i) =a{-i) + l3 -x / « = ^ 

\-l =H{-1) =a{-l) + (3 + 

So the answer is H{z) = iz — 1 + i . 

Exercise 4. Show that an isometry of the complex plane that fixes three 
non-collinear points must be the identity map. 

This is a generalization of the Lemma 1 seen in Chapter 1, where we 
proved almost the same thing. The statement was for three special points, 
0, 1 and i. This exercise shows that the points can he anything as long as 
they are not colinear! You can try to redo the proof step- by- step and see what 
happens... this is the first solution, or try to use what you now know about 
planar isometrics, this is the second solution below. 

Solution. Let H be an isometry of the complex plane which fixes say zi, Z2, z^'- 

H{zi) = Zi, H{Z2) = Z2, H{Z3) = Z3. 

We have, by definition of an isometry, that 

\H{z)-H{zi)\^ = \z-zi\^ 
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thus by developing both the left and the right handside, we get 

H{z)H{z) - H{z)H{zi) - H{zi)H{z) + H{zi)H{zi) = zz - zzi - ziz + ziZi. 
Since we know that H{zi) = zi, we further simplify to get 

H{z)H{z) — H{z)zi — ziH{z) + ziZi = zz — zz\ — z\z + Z\Z\., 

that is 

H{z)H{z) — H{z)zi — Z\H{z) — zz — zzi — Z\Z. 
Now we can do the exact same thing by replacing z\ by 2^2, which yields 

H{z)H{z) — H{z)z2 — Z2H{z) = zz — zz^ — Z2Z. 

So far, everything is pretty much the same as what we did in the class! 

Now we notice that H(z)H[z) appear on both the left hand sides of the 2 
above equations, and zz similarly appear on both the right hand sides. Thus 
we get 



= H{z)z2 + Z2H{z) - ZZ2 - Z2Z, 

from which it follows that 

H{z)zi + Z\H{z) — ZZ\ — Z\Z — H{z)z2 + Z2H{z) — ZZ2 — Z2Z. 

By rearranging the terms we get 



So now, we have used two of the three points we have! So we redo everything 
we did so far with zi and z^ instead of zi and Z2i to get 



H{z)H{z) - zz 



H{z)zi + ziH{z) — zz\ — z\z 



{H{z) - z){zi - Z2) + {H{z) - z){zi - Z2) = 0. 



{H{z) - z){z, - zs) + {H{z) - z){z^ - zs) = 0. 



Now we can extract H{z) — z from the second equation above 



H{z) - z 



{H{z)-z){zi-Z2) 



Zi — Z2 
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(note that zi 7^ Z2 so that makes sense, if zi = Z2, then 2:1, 2:2, ,23 are then 
necessarily coUinear!), and insert it in the equation that follows to get: 

/„-/ ^ ^/- -^ {H{z) - z){zi - Z2) , . 

{H{z) - Z){Zi - Z3) {Zi - Z3) = 0. 

Zl - Z2 

We can then factor out H{z) — z, namely 

mz) - z) {{z, - -z,) - (fl^M!L^) ^ 0. 
V zi- Z2 J 

We are now almost there! Recall that we want to prove that H is the identity 
if the three points -Zi, 2^2, z^ are not coUinear. If we can now prove that 

- .-3) - ^^^^^^^^^^ ^ 

Zl - Z2 

then it must be that 

H{z) - z = 0, 
which concludes the proof! So let us make sure that 

{z,-z,)- ^''-''^^''-''^ 

Zl — Z2 

If this term were to be 0, then 

{zi - Zri){zi - Z2) = {zi - 2^3) (^1 - Z2), 

or equivalently 

Z2 — Zl Z2 — Zl 
Z3 — Zl Z3 — Zl 

But this is not possible, because we have assumed that ^1,^2,^3 are not 
coUinear. Can you see this? The above equation says that {z2 — Zi) / {z^ — Zi) 
is a real number, this means that if wc write Z2 — Zi and — Zi in polar 
coordinates, with respective phase 'ipi and '(/'2, then the complex part of the 
ratio is e^^'^^^'^^)^ which has to be zero. Thus ■01 = '02, showing that Z2—Z1 and 
Z3 — Zl are two vectors centered at the origin pointing in the same direction. 
In other words, Z2 — zi, z^ — z\ and are coUinear! This shows that ^2, -23, zi 
are coUinear, a contradiction. 
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Here is another possible solution to this question. The advantage of the 
above solution is that it assumes nothing on planar isometries, but the com- 
putations are a bit lengthy... the advantage of the solution below is that it is 
pretty short! however you already need to know what are planar isometries! 

Solution. • If H{z) = a^; + /3, |a| = 1, then 

zi = H{zi) = azi + (5 _ , . 

z, = H{z,) =az, + P ^z,-z,-a[z,-z,). 

Then we know that a has to be 1. Since a = 1, we get Zi = Zi + (5 and 
Z2 = Z2 + (3, which forces /3 to be 0. Since a = 1 and /3 = 0, we have 
that H{z) = z and we are done! 

If H{z) = az + (3, \a\ = 1, then 



zi = H{zi) = azi + (3 
Z2 = H{z2) = az2 + j3 



We do the same thing for zi and z^. 



Zx- Z2 = aiZx - Z2) 



Z\ = H{zi) = azi + (3 
z^ = H{zs) = az3 + (3 



Zi- Z3 = aiZi - Z3 



Now we put the two equations that we obtained together: 

Zi- Z2 = a{Zi - Z2) Zi - Z2 _ Zi - Z2 

z\- Z3 = a{zi - ^3) zi - Z3 zi- Z3 

To finish the proof, argue as above that this means that 2:1, Z2 and Z3 
are colinear. In other words, H{z) = az + [3 cannot fix any arbitrary 
three points unless if they are colinear. Thus an isometry which fixes 
three arbitrary non-colinear points is of the form H{z) = az + (3 and 
we showed that it is then H{z) = z. 

Exercise 5. In this exercise, we study the fixed points of planar isometries. 
Recall that a planar isometry is of the form H{z) = az + P, H{z) = az + P, 
\a\ = 1. Determine the fixed points of these transformations in the different 
cases that arise: 



1. if H{z) = az + (3 and a = 1, 
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2. if H{z) = az + P and a ^ 1 

3. if H{z) = az + (3 and a = 1, further distinguish (3 = and (3^0, 

4. if H{z) = az + (3 and a 7^ 1, further distinguish (3 = and /3 7^ 0. 

r/izs exercise shows the importance of fixed points. In fact, it is an inter- 
mediate step to prove Theorem 2. 

Solution. The formula (from Theorem 1) is that an isometry H of the complex 
plane is given by 

H{z) = az + (3 or H{z) = az + (3, 

where |a| = 1. 

We now look at the fixed points of these maps. Let us start with 

H{z) = az + /3. 
If z is a fixed point, then H{z) = z, that is 

az + /3 = z z{a - 1) + P = 0. 

The case a = 1. If a = 1, then /3 = 0. What it means is: if a = 1, 
then H{z) = z + (3, that is the isometry is a translation, and in that case, 
a fixed point occurs only when /3 = 0, that is the identity map. If i7 is a 
translation, different than the identity, then it has no fixed point. 

The case a ^ 1. If a 7^ 1, we can divide by 1 — a, to get 

z = l3/{l-a), 

that is we have only one fixed point. Note that if /3 = 0, if is a pure rotation 
around the origin, and we understand geometrically that there is only one 
fixed point at 2; = 0. If H{z) = az + (3 with a ^ 1, then the isometry 
has only one fixed point given by z = — a). 

We now continue with the other case, that is 

H{z) = az + /3. 
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We have 

H{z) = z <^==^ az + P = z. 
Let us write z = zq + izi. Then we can continue to develop 

H{z) = z <^=^ a{zo — izi) + (3 = zq + izi zo{a — 1) + /3 = zii{l + a). 

If you look at this last equation as a function of Zq and Zi, you can see that 
we will get either a line, or a point, or an empty set. We need to distinguish 
cases as above to figure out when the different scenarios occur. 

The case a = 1. If a = 1, then 

/3 = zi2i ^ zi = P/2i. 

Since zi is a real number, it must be that /3 is a totally imaginary number, 
say /3 = if3', 13' a real number. If we write /3 = |/3|e*''', then (p = tt/2, and 

2i~ 2 ~ ~2' 

This shows that if H{z) = z + P, then (3 = i\(3\ and the fixed points 
form a line given by 




The case a ^ 1, /3 = 0. U a ^ 1, P = 0, then 

/ 1^ vi , N + a 

2:0(0; — 1) = Zit{l + a) ^ Zo = Zii -. 

a — 1 

We provide two solutions here. Here is the first one: 
For this expression to make sense, it must be that the fraction is a totally 
imaginary number, say (1 + «)/(! — a) = ia for some a a real number. Since 
|a| = 1, we have that a = cos 9 + isin6', and (1 + «)/(! — a) = ia becomes 
cos^ + 1 = —a sin 6' and sin 6' = acos^ — a that is cos^ = (a^ — + 1). 

This isometry has for fixed points a line. If H{z) = az, then its fixed 
points form a line. 

Here is the second solution. 
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Alternatively, starting again from 

Zo{a — 1) = Zii{l + a), 

one can start by rewriting a as a = cos 6* + i sin 6, yielding 

Zo(cos6' + isin6' — 1) = Zii{l + cos 9 + zsin6'), 

and by separating real and imaginary part, we get 

zq cos 6* — 2;o + -Zl sin 6* = 0, zq sin 9 — zi ~ zi cos = 0. 

This is a system of linear equations in Zq,Zi, which can be written 

/ cos - 1 sin \ ( zo \ _ f 0\ 
\ sine -1 - cos^ J \ Zl J ~ \ J ' 

To know whether this system has a solution, we look at the determinant 
of the matrix, given by 0! This means the matrix is not invertible. If the 
matrix were invertible, then the only solution would be {zq,zi) = (0,0), but 
since this is not the case, then that means that the solution is a subspace of 
dimension 1, that is a line (a solution exists, since (0, 0) is always a solution). 

The case a^l, (3 ^0. Finally, if a 7^ 1, /3 7^ 0, then 

zii{l + a) — (3 

zo = ^ • 

a — 1 

Here we can follow either of the above methods, that is either try to determine 
when 

zii{l + a) — (3 
a — 1 

is a real number, or write the system of linear equations. 

Here is the first solution. 
With the first method, we have that if 

Zii(l + a) — 13 _ 

— - =x,xeR, 

a — 1 

then 

zii + zii cos 9 — Zism9 — f3i — if32 = x cos 9 + xi sin 9 — x 
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that is, by separating real and imaginary parts 

Zi + Z\ cos 6* — = X sin 6*, — z\ sin 9 — f3i = x(cos 9 — 1). 

By identifying what x should be equal to in both these equations, we get 

{zi + zi cos 9 — /32) (cos 9 — 1) = sin 9{—zi sin 9 — Pi) 

which after simplifying yields 

/32(l-cos^) + /3i sin = 0. 

Thus if P2 satisfy this equation, then the fixed point is a line, if not there 
is no solution. If H{z) = az + P, with a 7^ 1, /3 7^ 0, then either the fixed 
points form a line, if Pi, P2 satisfies the above equation, or there is 
none. 

Here is the second solution. 
We have that 2;o(cos^^ + zsin6' — 1) + /3 = zii{l + cos9 + zsin^), where 
P = Pi + iP2. By separating real and imaginary parts, we get 

zq cos 9 — zq + Pi = —zi sin 9, zq sin 9 + P2 = zi + zi cos 9 

which corresponds to the following system of linear equations: 

/ cos - 1 sin \ f zo \ _ _f Pi\ 
\ sm9 -1 - cos9 J \ zi J ~ \ P2 J ' 

The determinant of the matrix is still the same, namely 0, but this time this 
not clear that a solution always exists. If it does, then we know it is a line. 
To know when there is no solution, we can use that a rank 1 matrix can be 
written as the outer product of two vectors, namely 

/ cos6'-l sin6' \ / sin(6'/2) \ m 

[ sm9 -1 -cos^^ J = -cos(0/2) J ^^^^^^Z^)' -^osi9/2)). 

Here we use the trigonometric formulas for double/half- angles: 

cos(27) = 2cos^(7) — 1 = 1 — 2sin^(7), sin(27) = 2 sin(7) cos(7). 

If {Pi, P2) can be written as a multiple of 

( MO/2) \ 
\ - cos(0/2) J ' 
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then the solution is a hne, otherwise there is no solution. We can see that 
both conditions are of course the same! Indeed if /3i = asin(^/2), /32 = 
— acos(6'/2), then 

-cos(^/2)(l -COS0) + sin(^/2) sm9 = 0, 

and vice-versa, if /32(1 — cos6')+/3i sin6' = 0, then (32 sin(6'/2)+/3i cos{6 /2) = 
and solutions are indeed of the right form. Now this tells us that 

(3 = (3,+i(32 = \/3\ism{9/2)-icosi9/2)) = -t\(3\e''/^ = \/3\e'^'--^/^. 

We now discuss another way of solving this exercise. 

Solution. The case H{z) = az + f3 was less difficult, so we focus on the second 
case 

H{z) = az + /3 

with |a| = 1, which means that we can write a = e*^ for 6 some real number. 
We now suppose that H has fixed points, and start with finding what (3 looks 
like. 

Suppose z is fixed by H, that is H{z) = z. Then 

z = H{z) = H{H{z)). 

Therefore 

z = a[az + (3) + (3 
and as |a| = aa = 1, this gives us 

z = z + a(3 + (3 

that is a/9 = —(3. We observe that the case (3 = needs to be treated 
separately, so let us assume that /3 7^ 0, so that we can conclude that a = 
—(3/(3. Recall that a = e*^, and write similarly /3 = \P\e^'^. Then 

and we get 

9 = 71 + 2ip ^ if = {9 - 7i)/2 

and we conclude that 

/3 = \p\e'(<^~-y\ 
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We can check that this expression for /3 is consistent with those we got earher. 

Now let us find the fixed points of H{z). Since /3 is hnearly independent 
from e'^/^, when perceived as vectors in (in fact they are perpendicular), 
we can write every complex number z as an R- linear combination: 

z = x(5 + ye*^/2 
where y e R are real scalars. Now let us solve 

H{z) = az + p = z <^ a(xp + e^^y) + p ^ xp + e'^^^y. 
Opening up the parentheses and recalling that a = e*^ we get 
H{z) = axp + e'^/^y + p ^ xp + e'^/^y 

from which we get 

x{ap -/3)+/3^0. 

We solve 

X = -aP)^ ^ 



l-a/3//3 

recalling the values of a, P we obtain in the denominator 
1 - aP/P = 1 - e'^-^'''' = 1 - e^" = 2. 
Hence x — 1/2 and y is free, and we obtain that the fixed line is 

{P/2 + ye''^'^ \yeR}. 

Exercises for Chapter 2 

Exercise 6. Determine the symmetries of an isosceles triangle, and compute 
the multiplication table of all its symmetries. 

Solution. An isosceles triangle has two sides which are equal. Consider a line 
that goes through the point where both equal sides touch, and crosses the 
3rd side in a perpendicular manner. Denote by m the reficction through this 
line. An isosceles triangle has only two symmetries, the identity map and m. 
The multiphcation table is thus 
1 m 

11m 

m m 1 
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Exercise 7. Determine the symmetries of an equilateral triangle, and com- 
pute the multiplication table of all its symmetries. 

Solution. Denote by mi the reflection that goes through the lower left-hand 
corner of the triangle, by m2 the reflection that goes through the lower right- 
hand corner of the triangle, and by ms the vertical reflection. In addition, 
we have a rotation r of 120 degrees counter clockwise, so that is the 
counter clockwise rotation of 240 degres, and finally 1 denotes the do nothing 
symmetry. 

The multiplication table is found below. 





1 


r 


^2 


ms 


mi 


m2 


1 


1 


r 


^2 


ms 


mi 


m2 


r 


r 




1 


m2 


ms 


mi 




^2 


1 


r 


mi 


m2 


ms 


ms 


ms 


mi 


m2 


1 


r 


1^2 


mi 


mi 


m2 


ms 




1 


r 


m2 


m2 


ms 


mi 


r 


1^2 


1 



Exercise 8. Determine the symmetries of the following shape, and compute 
the multiplication table of all its symmetries. 




Solution. The symmetries of the shape are l=do-nothing, r=rotation (coun- 
terclockwise) of 120 degrees, r^=rotation (counterclockwise) of 240 degrees. 
The table is then 
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1 


r 




1 


1 


r 




r 


r 




1 


^2 


^2 


1 


r 



Exercise 9. Let z = e^^'^/^ 

1. Show that = 1. 

2. Compute the multiphcation table of the set {1, 2;^}. 

3. Compare your multiphcation table with that of Exercise 2. What can 
you observe? How would you interpret what you can see? 

Solution. 1. We have 

^3 ^ ^g2«V3)3 ^ g2.. ^ ^_ 

2. The table is 





1 


z 


z^ 


1 


1 


z 


z' 


z 




z^ 


1 


z^ 


z^ 


1 


2; 



3. We observe that the two tables are the same. The interpretation is 
that there is a bijection between the rotations of angle 120, 240 and 
360 degrees and the powers of z, mapping the rotation r to 2;. 

Exercise 10. In the notes, we computed the multiplication table for the 
symmetries of the square. We used as convention that entries in the table 
are of the form r'm-' . Adopt the reverse convention, that is, write all entries 
as m^r* and recompute the multiplication table. This is a good exercise if 
you are not yet comfortable with these multiplication tables! 

Solution. We build a new multiplication table. (1) You can first fill up the 
first column and the first row (since multiplying by 1 does not change a 
symmetry). (2) Then using = 1, you can fill the 4x4 upper left corner 
involving only rotations, and (3) using that = 1, you can fill up the 5th 
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row. (4) Now you can fill up the first 4 columns of rows 5, 6, 7 and 8, because 
all the terms that appear are of the form m and then a power of r: 





1 


r 






m 


mr 


mr"^ 


mr^ 


1 


1 


r 






m 


mr 


mr"^ 


mr^ 


r 


r 




^3 


1 














^3 


1 


r 










^3 


^3 


1 


r 


^2 










m 


m 


mr 


mr"^ 


mr^ 


1 


r 


^2 


^3 


mr 


mr 


mr"^ 


mr^ 


m 










mr"^ 


mr"^ 


mr^ 


m 


mr 










mr^ 


mr^ 


m 


mr 


mr'^ 











We now use that r^m — mr. Multiply both sides by r on the left, and r ^ 
on the right, to get 

r{r^m)r~^ — r{mr)r~^ =^ mr~^ — rm mr^ — rm. 

Now knowing that rm = mr^, by multiplying on the right by r, and r^, 
we immediately get 

rmr — mr^ — m, rmr^ — mr, rmr^ — mr^ 

and we can fill the second line of the table (in blue). 

We now need to compute r^m. We use that rm — mr^, and multiply on 
the left by r: 

r^m — rmr^ — {rm)r^ — {mr^)r^ — mr^ 

where we use a second time rm = mr^. Now knowing that r^m = mr^, by 
multiplying on the right by r, and r^, we immediately get 

r^mr — mr^, r'^mr'^ — m, r^mr^ — mr 

and we can fill the third line of the table (in blue) . Do the same for the 4rth 
line! 
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1 


r 


^2 


/p3 


m 


mr 


mr"^ 


mr^ 


1 


1 


r 


y^2 




m 


mr 


mr"^ 


mr^ 


r 


r 




^3 


1 


mr^ 


m 


mr 


mr"^ 








1 


r 


mr"^ 


mr^ 


m 


mr 




^3 


1 


r 


1^2 


mr 


mr"^ 


mr^ 


m 


m 


m 


mr 


mr^ 


mr^ 


1 


r 




^3 


mr 


mr 


mr^ 


mr^ 


m 










mr"^ 


mr"^ 


mr^ 


m 


mr 










mr^ 


mr^ 


m 


mr 


mr"^ 











To finish, we notice that (1) the 6th row is the second row multiphed by 
m on the left, (2) the 7th row is the third row multiphed by m on the left, 
and (3) that the 8th row is the 4rth row multiplied by m on the left: 





1 


r 


^2 




m 


mr 


mr"^ 


mr^ 


1 


1 


r 


^2 




m 


mr 


mr"^ 


mr^ 


r 


r 


^2 


^3 


1 


mr^ 


m 


mr 


mr"^ 




1^2 


^3 


1 


r 


mr'^ 


mr^ 


m 


mr 




1^3 


1 


r 




mr 


mr"^ 


mr^ 


m 


m 


m 


mr 


mr"^ 


mr^ 


1 


r 


^2 


^3 


mr 


mr 


mr"^ 


mr^ 


m 


1^3 


1 


r 




mr"^ 


mr"^ 


mr^ 


m 


mr 


^2 


^3 


1 


r 


mr^ 


mr^ 


m 


mr 


mr"^ 


r 


y^2 




1 



Once you are done, make sure every symmetry appears on every row of 
the table! 

Exercises for Chapter 3 

Before we give the solutions, it is useful to recall that to show that a set 
equipped with a binary operation is a group, we need to check the property 
of associativity. When the set is finite, it is always possible, though tedious, 
to check all possible triples. We will thus adopt the following: associativity of 
the addition and of the multiplication in M is considered as natural, thus we 
do not have to prove it. Based on it, it is then possible to prove associativity 
for addition and multiplication in C. Also, associativity is natural for the 
composition of maps. It is always needed to mention associativity though. 
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because you might encounter some non-associative map at some point of 
time! 

Exercise 11. In Exercise 7, you determined the symmetries of an equilateral 
triangle, and computed the multiplication table of all its symmetries. Show 
that the symmetries of an equilateral triangle form a group. 

1. Is it abelian or non-abelian? 

2. What is the order of this group? 

3. Compute the order of its elements. 

4. Is this group cyclic? 

5. Can you spot some of its subgroups? When you encounter such a 
question, it is enough to give an example of a subgroup which is not 
{1}, assuming that such a subgroup exists! If we want all the subgroups, 
then we will ask it explicitly! 

Solution. For convenience, we recall the multiplication table: 





1 


r 




ms 


mi 


m2 


1 


1 


r 




ms 


mi 


m2 


r 


r 




1 


m2 


ms 


mi 






1 


r 


mi 


m2 


ms 


mg 


mg 


mi 


1712 


1 


r 




mi 


mi 


m2 






1 


r 


m2 


m2 


ms 


mi 


r 


^2 


1 



where mi is the reflection that goes through the lower left-hand corner of the 
triangle, m2 is the reflection that goes through the lower right-hand corner of 
the triangle, ms is the vertical reflection, and r is the rotation of 120 degrees 
counter clockwise. 

To show that the set G of symmetries of an equilateral triangle form a 
group, we need to check: 

• G is closed under composition of symmetries, that is, combining two 
symmetries give another symmetry. There are several ways to argue 
that, for example: we know that this is the case for general isometrics of 
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the plane, so this is true in particular for symmetries of the equilateral 
triangle. In this case, since you also have a multiplication table, it can 
be seen from the table, since every element within the table is part of 
the group. 

• Associativity holds, because composition of maps is associative. 

• There is an identity element: l=do-nothing. 

• Every element is invertible: this was shown for every isometry of the 
plane, or can be shown from the multiplication table. 

1. It is non-abclian (can be seen from the multiplication table which is not 
symmetric), or just by giving one counter-example, say mim2 7^ 17121711 
where mi is the mirror reflection going through the left corner, while 
7712 is the mirror reflection going through the right corner. 

2. The order of the group is its cardinality, it is thus 6. 

3. l=do-nothing has order 1, r and have order 3, the 3 other elements 
have order 2. 

4. No, because no element has order 6. 

5. Every element of order 2 generates a cyclic group of order 2. The 
rotation r generates a subgroup of order 3. 

Exercise 12. Let z = e^^'^^^. Show that {1,2;, 2;^} forms a group. 

1. Is it abelian or non-abelian? 

2. What is the order of this group? 

3. Compute the order of its elements. 

4. Is this group cyclic? 

5. Can you spot some of its subgroups? 
Solution. We show that {1, 2;, 2;^} forms a group. 

• We have that z'^z^ E {l,z,z'^} for any i,j e {0,1,2} thus we have 
closure under multiplication. 
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• Associativity holds, it is inherited from the associativity of multiphca- 
tion in C. 

• The identity element is 1. 

• Every element is invertible: z''^ G {1,-2, z^} is the inverse of for every 
zG {0,1,2}. 

1. It is abelian. 

2. It is 3. 

3. 1 is of order 1, z and z"^ are of order 3. 

4. Yes, since it contains an element of order 3, which is the order of the 
group. 

5. The only subgroups are the trivial subgroup {1} and the group itself. 

Exercise 13. Let X be a metric space equipped with a distance d. 

1. Show that the set of bijective isometries of X (with respect to the 
distance d) forms a group denoted by G. 

2. Let 5* be a subset of X. Define a symmetry / of as a bijective 
isometry of X that maps S onto itself (that is f{S) = S). Show that 
the set of symmetries of 5 is a subgroup of G. 

Note that as a corollary of this general result, we can deduce that the 
planar isometries form a group (where d is our usual distance), and the 
symmetries of the different shapes we saw are all subgroups!) 

Solution. 1. Let G be the set of bijective isometries of X. 

• We check that G is closed under composition: let /, g be two 
isometries, then 

difgix), fg{y)) = d{f{x), f{y)) = d{x, y) 

where the first equality holds since g & G and the second because 
f & G. Thus the composition of two isometries is an isometry. 

• Associativity holds, because composition of maps is associative. 
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• The identity is the do-nothing isometry. 

• Every / e G is invertible because / is a bijection. But we still 
have to show that belongs to G. 

d{r\x), r\y)) = d{fr\x), fr\y)) = d{x, y) 

where the first equality holds because / is an isometry, and thus 
/-i e G. 

2. To show that 5" is a subgroup, we need to check that it is a group under 
the same binary operation as G. 

• The composition of two symmetries is again a symmetry: indeed, 
a symmetry / by definition maps S into itself, that is f{S) = S, 
so the composition of two symmetries /, g will map S into itself: 

gfiS) = giS) = S. 

• Associativity holds, because the composition of maps is associa- 
tive. 

• l=do-nothing is the identity. 

• We have to show that every symmetry has an inverse. Let f E S 
be a symmetry. We know it has an inverse in G, we have to 
check that this inverse is in S, that is, maps S to itself. Since 
f{S) = S, we have f-'f{S) = f-\S), that is S ^ f-\S). 

Exercise 14. Let G be a group. Show that right and left cancellation laws 
hold (with respect to the binary group operation), namely: 

92- gi^ gs- gi^ g2^ ga, 

93- 91^ 93- 92 ^ 91^ 92, 

for any g'1,5'2,5'3 e G. 
Solution. We have 

92- 9i= 93 ■ 9i^ 92- 91- 9i^ = 93 ■ 9i ■ 9i^ ^92 = 93 

using that every element is invertible, and that gi-gi^ is the identity element. 
Similarly 

93- 9i = 93- 92 => 93^ ■ 93 ■ 9i = 93^ ■ 93 ■ 92 ^ 9i = g2, 

using again that every element is invertible, and that g^ ■ g^^ is the identity 
element. 



277 



Exercise 15. Let G be an abelian group. Is the set 

{x G G, X = x^^} 
a subgroup of Gl Justify your answer. 

Exercise 16. Let G be a group, and let if be a subgroup of G. Consider 
tlie set 

gH = {gh, h e H). 

1. Show that \gH\ = \H\. 

2. Is thet set 

{g eG, gH = Hg] 

a subgroup of Gl 
Exercise 17. Let G be a group, show that 

for every gi,g2 G G. This is sometimes called the "shoes and socks property" ! 

Exercise 18. In a finite group G, every element has finite order. True or 
false? Justify your answer. 

Exercise 19. This exercise is to practice Cayley tables. 

1. Suppose that G is a group of order 2. Compute its Cayley table. 
Guided version. 

• Since G is of order 2, this means it has two elements, say G = 
{fl'i)fl'2}- Decide a binary law, say a binary law that is written 
multiplicatively. 

• Now use the definition of group to identify that one of the two 
elements must be an identity element 1. Then write the Cayley 
table. 

• Once you have written all the elements in the table, make sure 
that this table is indeed that of group! (namely make sure that 
you used the fact that every element is invertible). 
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2. Suppose that G is a group of order 3. Compute its Cayley table. 

Solution. 1. If G has order 2, then we can write G = {gi,g2}- We sup- 
pose that the binary law is written multiplicatively. We know that the 
identity must be there, so we may assume that g^i = 1 is the identity 
element. We now write the table: 





1 


92 


1 


1 


92 


92 


92 


9l 



but for this table to be a Cayley table of a group, we still need to see 
what happens with g^- It must be an element of the group as well by 
closure. Now we know that gi2 must be invertible, which means that 
9l = 1- 

2. We repeat the same for a group of order 3. Suppose that G = {1, (72, 9^} 
since one element must be the identity element. We get 





1 


92 


93 


1 


1 


92 


93 


92 


92 






93 


93 







Now using the closure property, g2g3 must be an element of the group. 
It cannot be that g2g3 = g2 or g^ (use the fact that g2 and g^ are 
invertible to see that), thus g2g3 — 1, and by the same argument g3g2 — 
1. Thus 





1 


92 


93 


1 


1 


g2 


g3 


g2 


g2 




1 


g3 


g3 


1 





which shows that g2 — 93, and gl — g2, and we are done. 

Exercise 20. Consider the set M„(]R) of n x n matrices with coefficients in 
R. For this exercise, you may assume that matrix addition and multiplication 
is associative. 

1. Show that M„(M) is a group under addition. 

2. Explain why M„(M) is not a group under multiplication. 
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3. Let G'L„(M) be the subset of M„(]R) consisting of all invcrtible matri- 
ces. Show that ^^^(IR) is a multiplicative group. (GL„(M) is called a 
General Linear group). 

4. Let SLn{Wj be the subset of GL„(]R) consisting of all matrices with 
determinant 1. Show that S'L„(]R) is a subgroup of GI/„(M). (5'L„(M) 
is called a Special Linear group). 

5. Explain whether 5'L„(M) is a subgroup of M„(M) 

Solution. 1. Identity: The zero matrix is the identity element. 

Associativity is ok by assumption (alternatively, it is inherited by as- 
sociativity of addition of complex numbers). 
Inverse of (Aij) is {—Aij). 

Closure: (Aij) + (Bij) = Cij with coefficient Cij — Aij + Bij. 

2. The zero matrix does not have a multiplicative inverse. 

3. Identity: the identity matrix 7„. 
Associativity is ok by assumption. 

Inverse: by definition, all matrices in GL„(C) are invertible. 

Closure: Multiplying two invertible matrices gives another invertible 

matrix: (AB)-^ = B'^A-^. 

4. Identity : /„ G SLn{C), since certainly det(/„) = 1. 

Inverse: If det(A) = 1, then det{A-^) = 1/ det{A) = 1, so the set 
contains inverses. 

Closure: if det(A) = det{B) = 1, then det{AB) = det(^) det{B) = 1. 

5. No, it is not, since M„(C) is an additive group, while 5'L„(C) is not 
closed under addition: det{In + In) ^ 

Exercises for Chapter 4 

Exercise 21. We consider the set C of complex numbers. 

1. Is C a group with respect to addition? 

2. Is C a group with respect to multiplication? 

3. In the case where C is a group, what is its order? 
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4. Can you spot some of its subgroups? 

Solution. 1. Yes it is. The sum of two complex numbers is a complex 
number. Addition is associative. The identity element is 0, and every 
element x has an inverse —x, since x — x — 0. 

2. No it is not, since is not invertible. Indeed, the identity element is 
now 1, but there is no complex number y such that y - = 1. However, 
if you remove 0, then C without zero becomes a group! The product 
of two complex numbers is again a complex number, multiplication 
is associative, and every non-zero element x has an inverse x^^ since 
X ■ x~^ — 1. 

3. It is infinite. 

4. So we need to look at (C,+). For example, (M,+), (Q, +) and (Z, +) 
are subgroups, all with identity element 0, and for x an inverse given by 
—X. Associativity is inherited from C, and the closure under addition is 
clear. Also the even integers form a subgroup, since the sum of two even 
integers is even, the identity element is still 0, and 2y has for inverse 
-2y. If one consider (C\{0}, •), we similarly have (M\{0}, •), (Q\{0}, ■), 
but Z does not work, since apart ±1, integers arc not invertible for 
multiplication. In that case, nth roots of unity are also a subgroup of 
(C\{0},-)- 

Exercise 22. Alice and Bob have decided to use Caesar's cipher, however 
they think it is too easy to break. Thus they propose to use an affine cipher 
instead, that is 

^k{x) — kix + k2 mod 26, K = {ki, k2). 

Alice chooses K — (7, 13), while Bob opts for K — (13, 7). Which cipher do 
you think will be the best? Or are they both equally good? 

Solution. The best cipher is that of Ahce. Indeed 

^k{x) — 7x + 13 mod 26 

can be deciphered using 



dxiy) = 1% + 13 mod 26 
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since 

dKieKix)) = I5{7x + 13) + 13 = 15 • 7x + 15 • 13 + 13 = X + 26 = X mod 26. 
Now for the cipher of Bob, we have 

eK{x) — ISx + 7 mod 26 
and 13 is not invertible modulo 26. Thus to decipher, we get 

dxiy) =ay + /3, 

for some a, (3, and 

dK{eK(x)) = a(13x + 7) + p ^ a ■ 13x + 7a + p. 

Now we must solve 13ax = a; to find x, that is a;(13Q; — 1) = and there is 
no a satistfying this equation. 

Exercise 23. Show that the map / : (M, +) (M*,-), x i-^ exp(a;) is a 
group homomorphism. 

Solution. First we notice that (M, +) and (]R\{0},-) are both well-defined 
groups. Now we have to check the property of group homomorphism, namely 

f{x + y) = f{x)f{y). 

Now 

f{x + y) = exp(a; + y) = exp(x) exp{y) = f{x)f{y). 

Exercise 24. Show that a group homomorphism between two groups G and 
H always maps the identity element 1g to the identity element 1h- 

Solution. You can show that using either additive or multiplication notation. 
In additive notation, we have that f{a + b) — f{a) + f{b) thus take a — 0, 
which gives 

/(O + 6) = /(O) + f{b) f{b) = /(O) + f{b) ^ = /(O) 

because f{b) is invertible. In multiplicative notation, we have that f{ab) — 
f{a)f{b) thus take a — 1, which gives 

/(I ■ b) = /(l)/(6) ^ f{b) = ^ 1 = /(I) 

because f{b) is invertible. 
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Exercise 25. In this exercise, we study a bit the invertible integers modulo 
n. 

1. Take n — 5, and compute the group of invertible integers modulo 5. 
What is the order of this group? Can you recognize it? (in other 
words, is this group isomorphic to one of the groups we have already 
classified?) 

2. Take n = 8, and compute the group of invertible integers modulo 8. 
What is the order of this group? Can you recognize it? (in other words, 
is this group isomorphic to one of the 

groups we have already classified?) 

Solution. 1. The integers invertible modulo 5 are those coprime to 5, that 
is {1,2,3,4}, so the order of the group is 4. We notice that 2 for 
example has order 4, since 2"^ = 16 = 1 mod 5, thus this is a cyclic 
group of order 4, and since we know there is a unique cyclic group of 
order 4 up to isomorphism, we can also say this is "the" cyclic group 
of order 4. 

2. The integers invertible modulo 8 are those coprime to 8, that is {1, 3, 5, 7}, 
so the order of the group is also 4. However, 3^ = 1 mod 8, 5^ = 1 
mod 8 and 7^ = 1 mod 8, thus it cannot be cyclic. In fact, every ele- 
ment has order 2 but for the identity, so it follows easily that this group 
is isomorphic to the Klein group, that is the group of isometries of the 
rectange. To show formally the group isomorphism, one can define a 
map /:{1, 3, 5, 7} — )■ {1, r, m, rm} where r is a rotation, m is a mirror 
reflection, as defined in the notes, such that 

/(I) = 1, /(3) = r, /(5) = m, /(7) = rm. 

We can check that /(3 • 5) = /(7) = rm — /(3)/(5) and similarly for 
all the pairs. In fact, any map that sends an element of order 2 to an 
element of order 2 will do! 

Exercise 26. Let / be a group homomorphism f : G ^ H where G and H 
are two groups. Show that 
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Solution. We have already seen that a group homomorphism is mapping the 
identity of G to the identity of H. To show the above property, we need to 
understand what it means. It means that it maps the inverse of g to the 
inverse of /((?)• Now we have by definition of group homomorphism that 

fig-'g) = f{g-')f{g), 

and 

Ih = file) = f{g-'g) = f{g-')f{g) 

where we have added that / maps the identity of G to the identity of H. 
From this we can read what is written: 

Ih = f{g-')f{g) 

which means that f{g^^) is the inverse (we have checked only on the left) of 
f{g), that is f{g^^) = f{g)^^. To complete the proof, we actually also need 
to check that f{g)f{g~^) = 1, which can be done by replacing g^^g by gg~^ 
in the first equation, and derive everything again accordingly. 

We have seen a few examples of group homomorphisms, or even group 
isomorphisms. You can take these examples and easily check for yourself 
that it works! 

Exercise 27. Consider the group (Z, +) of integers under addition. Let H 
be a subgroup of Z. 

1. Show that H is of infinite order. 

2. Use the Euclidean division algorithm to show that H is generated by 
a single element. 

3. Find a subset of Z which forms a multiplicative group. 

Here is a guided version of this exercise. Please try to do the normal version 
first! 

1. Recall first what the order of a group is, to understand what it means 
for H to be of infinite order. Once this is clear, you need to use one 
of the properties of a group! If you cannot see which one, try each of 
them (can you cite the 4 of them?) and see which one will help you! 
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2. This one is more difficult. You will need to use a trick, namely use the 
minimality of some element... In every subgroup of Z, there is a smallest 
positive integer (pay attention to the word "subgroup" here, this does 
not hold for a subset!). 

3. To have a multiplicative group (that is a group with respect to mul- 
tiplication), you need to define a set, and make sure this set together 
with multiplication satisfies the usual 4 properties of a group! 

Solution. 1. Let h & H he an element other than the identity element. 
Then all multiples of h are contained in H by closure. It will follow that 
H is infinite once we show that all the multiples of h are distinct. To 
that end, suppose to the contrary that mh = nh. Then {m — n)h = 0, 
but that implies that m — n, since we assumed that h is not identity. 

2. Let m be the smallest integer contained in H. We claim that any other 
element of is a multiple of m. To that end, consider h & H. For 
the sake of contradiction suppose h is not a multiple of m. Using the 
Euclidean Division Algorithm, we have h = mq + r, r < m. But then 
r = h — mq G H, and r is smaller than m, contradicting the minimality 
of m in H. 

3. Elements of a multiplicative group must have a multiplicative inverse. 
The only invertible integers are {±1}, which form a group under mul- 
tiplication. 

Exercise 28. When we define a map on equivalence classes, the first thing 
we must check is that the map is well defined, that is, the map is independent 
of the choice of the representative of the equivalence class. In this exercise 
we give an example of a map which is not well defined. 
Recall the parity map sgn : Z ^ Z/2 

sgn(2k + 

sgn{2k) H- 

Let Z/5Z be the group of integers modulo 5. Let us attempt to define the 
map sgn : a h- )■ sgn{a). Show that sgn is not well-defined on Z/5Z. 

Solution, sgnil) = sgn{l) = 1 while sgn{Q) = sgn{6) = 0. But 1 = 6, so 
their image should be the same. Hence the map sgn is not well-defined. 
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Exercises for Chapter 5 

Exercise 29. Let G be a group and let if be a subgroup of G. Let gH be 
a coset of H. When is gH a subgroup of G? 

Solution. If (? = 1, we see tliat gH = H and tlius clearly H is a subgroup 
of G. In fact, if g E H (this includes g = 1 in particular), we have that 
gH = H. Indeed, gH C H, because every element of gH is of the form gh 
with g and h in H, and since if is a subgroup of G, it must be that gh e H. 
Conversely, H C gH, since every element h in H can be written as h — gh' 
with h' = g~^h. We have thus shown that if g E H, then gH = H and thus 
gH is a subgroup. Now if g is not in H, gH cannot be a subgroup, because 
1 does not belong to gH. Indeed, if 1 were to be in gH, then that means 
that there is an element h & H such that gh — 1, which means that g is the 
inverse of h, but the inverse of h belongs to H, while we know that this is 
not the case for g\ 

Exercise 30. As a corollary of Lagrange Theorem, we saw that the order 
of an element of a group G divides Now assume that d is an arbitrary 
divisor of |G|. Is there an element g in G with order dl 

Solution. In general the answer is no. There are many counter-examples. For 
example, \G\ itself always divides \G\, but there exists an element of order 
|G| only when the group is cyclic! 

Exercise 31. Take as group G any group of order 50. Does it contain an 
element of order 7? 

Solution. We have that \G\ = 50. We know by Lagrange Theorem that the 
order of an element of G has to divide 50. Since 7 does not divide 50, there 
cannot be an element of order 7. 

Exercise 32. Take as group G the Klein group of symmetries of the rectan- 
gle. Choose a subgroup H of G, write G as a partition of cosets of H, and 
check that the statement of Lagrange Theorem holds. 

Solution. We can write the Klein group as G = {1, m, r, rm}. A subgroup is 
for example H — {l,m} (or {l,r}, or {l,rm}). We have that 



G = H U rH = {1, m} U {r, rm}. 
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The number of cosets of H is called the index of H in G, given by [G : H] — 2. 
The size of every coset is 2, and indeed 

iCl = [G:H]\H\ = 2-2 = 4. 

Exercise 33. This exercise looks at Lagrange Theorem in the case of an 
infinite group. Take as group G = M and as subgroup H = Z. Compute the 
cosets of H and check that the cosets of H indeed partition G. Also check 
that the statement of Lagrange Theorem holds. 

Solution. If G = M, and H = Z, cosets of Z are of the form x + Z, x E M.. 
Thus 

R= [J (x + Z) 

0<x<l 

and |]R| = \Z\ — oo. 

Exercises for Chapter 6 

Exercise 34. Show that any planar isometry of is a product of at most 
3 reflections. 

Solution. We know from Theorem 2 that any planar isometry is either 

a) A rotation about a point in the plane 

b) A pure translation 

c) A reflection about a line in the plane 

d) A reflection about a line in the plane and a translation along the same 

hne (glide reflection). 

We consider each case. 

a) A rotation about a point is a composition of two reflections about axes 
that meet at the fixed point (center of the rotation). 

b) We saw that if we have two reflections of the form 

ipi: e'^^z + (^2 : ^ ^ e'^^z + /Ja, 
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a translation vector 

This shows that the composition of two ghde reflections gives a trans- 
lation, and in fact any translation can be obtained in that way. 

Now we want to express a translation in terms of two pure reflections. 
This means we need to consider extra constraints on (32 in terms 
of ^1,^2- To that end, recall that a glide reflection e^^z + ^ is a pure 
reflection (that is, a reflection of order 2) whenever either /3 = or the 
vector (3 is perpendicular to the reflection axis {e^^^'^x \ x E M}. So, in 
particular, for choices (3i = 0, (32 = w and 9/2 = arg{w)+TT/2, the glide 
reflections (pi{z) = e^^z, ^p2{z) = e^^z + w are in fact pure reflections 
whose composition (fi2 ° 'Pi — z + (3ie''^ + (32 — z + w corresponds to 
translation by w. 

Geometrically, translation by w corresponds to reflection across the 
line P, followed by reflection across line {P + w/2), where P is the line 
through the origin perpendicular to vector w, {P + w/2) is the shift of 
P by w/2. 

c) A reflection is a composition of a single reflection (itself!) 

d) A glide reflection is a composition of a reflection and a translation 
(which is a composition of two reflections) . As we have seen any com- 
position of two reflections is always a rotation or a translation. A 
reflection cannot be a glide reflection since it does not have flxed point. 

Exercise 35. Look at the pictures on the wiki (available on edventure), and 
flnd the symmetry group of the different images shown. 

Exercises for Chapter 7 

Exercise 36. Let o" be a permutation on 5 elements given by cr = (15243). 
Compute sign((T) (that is, the parity of the permutation). 

Solution. This permutation sends 12345 to 54132, thus flrst we need to switch 
1 and 5. (15) : 12345 i— 52341. Now the flrst element is at the right 
place, but the second element should 4, not 2, thus we exchange 4 and 2. 
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(24) (15) : 12345 ^ 54321. We continue and exchange 1 and 3: (13) (24) (15) : 
12345 H> 54123. Finally, we exchange 2 and 3, to get (23) (13) (24) (15) : 
12345 ^ 54132. Thus sign(54132) = (-1)'^ = 1. 

Exercise 37. 1. Show that any permutation of the form (i j k) is always 
contained in the alternating group An, n > 3. 

2. Deduce that A„ is a non-abehan group for n > 4. 

Solution. 1. Any permutation of the form {i j k) can be written as (i k) , 
thus it is an even permutation, which belongs to A„ (n > 3 is needed 
to have 3 elements to permute). 

2. It is enough to notice that (12 3) and (1 2 4) do not commute, since 
they are always contained in A^ for n > 4. 

Exercise 38. Let if = {cr G 5*5 | a(l) = 1, a(3) = 3}. Is if a subgroup of 

Solution. We have that if is a subset of 5*5 and thus it inherits associativity 
of composition from 5*5. The identity (=do-nothing) permutation belongs to 
if. Let (Ti, (72 be two permutations in if. We have that 

ai(a2(l)) = ai(l) = 1, ai(a2(3)) = ai(3) = 3 

thus (Ti(T2 e if. Finally, we have to check that every element in if has an 
inverse in if. Let cr e if , then 

a-\l) = a-\a{l)) = 1, ^"^(1) = ^"^(^(3)) = 3 

which shows that if is indeed a subgroup. 

Exercise 39. In the lecture, we gave the main steps to show that the group 

Dq cannot be isomorphic to the group A4, though both of them are of order 
12 and non-abelian. This exercise is about filling some of the missing details. 

• Check that (1 2) (3 4) is indeed of order 2. 

• Check that (1 2 3) is indeed of order 3. 

• By looking at the possible orders of elements of D^, prove that A4 and 
Dq cannot be isomorphic. 
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Solution. • We have to check that (12) (34) (12) (34) = (). We have 

(12) (34) (12) (34) : 1234 ^ 1243 ^ 2143 ^ 2134 ^ 1234. 

In fact, we can observe that what happens is that the two permutations 
are affecting disjoint subsets of indices, thus since we do (12) twice, and 
(34) twice, we get back the identity permutation. 

• We compute (123)(123)(123): 

(123)(123)(123) : 123 ^ 231 ^ 312 ^ 123. 

In fact, every permutation is a shift of the 3 elements, and doing 3 
shifts gives back the identity. 

• Dq contains a rotation r which is of order 6. We can check that no 
element of A4 has order 6 (they are of order 2 and 3 only, the list of 
the elements and their order can be found in the lecture slide) . Now if 
there were a group isomorphism / from Dq to A4, then /(r) should be 
an element of order 6 in ^4, since 

f{r)' = f{r') = /(I) = 1 

and if there were a k < 6 such that /(r)^ = 1, then /(r'^) = 1, a 
contradiction. But there is no element of order 6 in ^4. 

Exercises for Chapter 8 

Exercise 40. • Let G be the Klein group. Cayley's Theorem says that 
it is isomorphic to a subgroup of 5*4. Identify this subgroup. 

• Let G be the cyclic group C4. Cayley's Theorem says that it is isomor- 
phic to a subgroup of S4. Identify this subgroup. 

Solution. • Let us write the multiplication table of the Klein group. 
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We now interpret this table in terms of permutations. Let us label 
the elements of the group: 1 — )■ 1, (71 — )■ 2, (72 — ^ 3, (73 — )■ 4. The 
first row is then 1234, thus 1234 1234, the second row is 2143, thus 
1234 2143, the third row is 3412 thus 1234 3412, finally the fourth 
row is 4321, thus 1234 — > 4321. In cycle notation, this gives 

0, (12)(34), (13)(24), (14)(23). 
• Let us write the multiplication table of C4. 
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We now interpret this table in terms of permutations. The first row is 
0123, thus 0123 ^ 0123, the second row is 1230, thus 0123 1230, 
the third row is 2301 thus 0123 2301, finally the fourth row is 3012, 
thus 0123 — > 3012. In cycle notation, this gives 

0, (0123), (02)(13), (0321) 

but since we usually look at permutations on the elements {1, ...,n}, 
we rewrite these permutations as 

0, (1234), (13)(24), (1432). 

Exercise 41. Show that any rearrangement of pieces in the 15-puzzle start- 
ing from the standard configuration (pieces are ordered from 1 to 15, with 
the 16th position empty) which brings the empty space back to its original 
position must be an even permutation of the other 15 pieces. 

Solution. We can view the overall puzzle as a permutation tt in 5'i5, since the 
empty space returns to its original position. We can repeat the proof we did 
in the lecture, by replacing (14 15) by tt. Namely 

TT = (ttn 16)(a„_i 16) • • ■ (a2 16)(ai 16). 

Now the left hand side is an even permutation in 5*16 since the blank space 
16 is moved an even number of positions (because 16 returns to its original 
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location, it has to move up and down, as well as right and left, an equal 
number of times). The parity of a permutation in S15 is the same as its 
parity when viewed as a permutation in 5*16, so vr is an even permutation of 
the pieces 1,2,. ..,15. 

Exercise 42. Has this following puzzle a solution? The rule of the game is 



□□□□□ 
□□□□□□□ 

□□□□□□□ 
□□□□□ 
□□□ 



the same as the solitaire seen in class, and a win is a single marble in the 
middle of the board. If a win is a single marble anywhere in the board, is 
that any easier? 

Solution. We can solve this puzzle the same way we did in the lecture, namely 
by labeling the board with the Klein group G = {1, f, g, h} as follows: Now 
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the total value of this board without the middle marble is 

ifghY' = 1. 

Since the total value is invariant by a move, whenever we move a marble and 
remove another one, the total value stays 1. Since no label is 1, not only it 
is impossible to finish with one marble in the center, but it is also impossible 
to finish with one marble all together! 

Exercises for Chapter 9 

Exercise 43. Consider the Klein group G — {1, f,g,h}. 

• What are all the possible subgroups of G? 

• Compute all the possible quotient groups of G. 

Solution. • First of all, by Lagrange Theorem, we know that subgroups 
of G have possible orders 1,2 and 4. 

— If the order of a subgroup is 1, then the subgroup is {!}. 

- If the order of a subgroup is 4, then the subgroup is G. 

We are left with the case where a subgroup has order 2. It will neces- 
sarily have 1 as part of it. Then we are left with three possibihties: 

{l,f},{l,g},{l,h}. 

Thus the list of all possible subgroups of G is: 

{l},{l,f},{l,g},{l,h},G. 

• To compute a quotient group of G, we need a subgroup H that satisfies 
g + H = H + g. Because G is abelian, every subgroup listed above 
satisfies this property, thus we get 5 possible quotient groups: 

G/{1}, G/{1, /}, G/{1, g}, G/{1, h}, GIG. 

Since IG/Il}! = this group is G itself. Since = 2 for every 

subgroup of order 2, in this case we get G2. Finally = 1, thus 

G/G- {!}. 
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Exercise 44. Consider the dihedral group D4. What are all the possible 
quotient groups of D4I 

Solution. Recall that the group D4 is given by 

D4 = {r, m I = = 1, mr = r^^m} = {1, r, r^, r^, m, rm, r'^m, r^m}. 

There are two ways of solving this exercise. One way is to list all the possible 
subgroups, and then check those which are normal. Since this can be quite 
tedious when the size of the dihedral group grows, we give a more theoretical 
argument. Recall that we found one subgroup that yields a quotient group 
in the lecture. 

• Let r be a rotation. Then 

(r-^m)r* = r-'(mr*) = r^(r~*m) = r~\r^m). 
This shows that gH — Hg for every g e D4 and H — (r) . 

• The same property will thus be true for every subgroup of H\ Here 
there is only one subgroup of H which is not {1} or H, namely {1, r^}. 

So we have exhausted all the choices where the subgroup we consider contains 
only rotations. What if it contains a term of the form r*m? (with i possibly 
0). Note that gH — Hg <J=^ gHg'^ — H. Thus if H contains an element 
r'm, it must also contain g{r^m)g~^ where g = r^m 01 g = is an element 
of D4. All right, let us thus compute g{r^m)g~^. If i = 0, then 

{r^ m)m{r^ m)~^ = {r^m)mm''^r~-' — r-'mr"-' — r'^-'m, 

and 

Now what is r'^^ml Well j can take any value from to 3. While j goes from 
to 3, what are the values taken by 2j? They are 0, 2, 0, 2! (Note that this is 
happening because 4 is even). If i = 1, we can redo the same computations 
with rm instead of m, namely: 



and 
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When j takes values from to 3, both 2j — 1 and 2j + 1 take values 3,1,3,1. 
We can do the same computations for r*m, where i is either even or odd. In 
summary, we have two cases: if we have r'm with i even, then g{r'^m)g~^ — 
r^^m, while if we have r'm with i odd, then g{r^m)g~^ = r'^^~^m. 

• If 2 is even, we thus know that H contains not only r'm but also r^^m — 
{m, r^m}. Thus H further contains and 

H — {1, m, r^m, r^}. 

• If i is odd, we similarly know that H contains not only r*m but also 
^2j-i^ _ ^j-fji^j-^jji^^ Thus H further contains rmr^m = rr~^ = 
and 

H — {1, rm, r^, r^m}. 
This gives the following list of subgroups that will yield a quotient group: 

{1}, {1, r'}, {1, r, r^ r^}, {1, m, r'm, r'}, {1, rm, r^,r^m}, D^. 
The corresponding quotient groups are 

L'4, r'}, i?4/{l, r, r^ r^} ~ C2, L>4/{1, m, r^m, r^} ~ C2, L'4/{1, rm, r^ ~ C2, {1}. 

Note that \D4/{l,r^}\ = 4, thus it could be either C4 or the Klein group. 
Exercise 45. Consider A the set of affine maps of R, that is 
A = {f : X ^ ax + b, a e M*, 6 e M}. 

1. Show that ^ is a group with respect to the composition of maps. 

2. Let 

N ^ {g : X X + b, 6 G R}. 
Show that the set of cosets of A'^ forms a group. 

3. Show that the quotient group A/N is isomorphic to R*. 
Solution. 1. Let f,g E A. Then 

(/ ° 9){^) = /(fl^ + = a' {ax + b) + b' = a' ax + a'b + 6', 
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where a' a e M* thus the closure property is satisfied. The composition 
of maps is associative. The identity element is given by the identity 
map since 

Ido/ = /oId = /. 

Finally, we need to show that every / e /I is invertible. Take f~^{x) = 
a~^x — a~^b. Then 

/-I o f{x) = r\ax + 6) = a-\ax + 6) - a'^b = x. 

2. We first notice that iV is a subgroup of A (we need to check the usual 
things: closure, identity, inverse. Associativity is inherited.) Let g E N 
and let f E A. We have to show that fN — Nf. Let us take f{x) — 
ax + b e A and g{x) — x + b' e N. We have 

/ o g(^x) = f o {x + b' ) = a{x + b' ) + b = ax + ab' + b. 

On the other hand, define g'{x) — x + ab', we have 

g' ° /(^) = g'{o,x + b) = ax + b + ab', 

and fog{x) ^ g' o f{x). 

3. Elements of A/N are cosets of the form fN — {fg,g G N}, with 
f{x) = ax + b, thus fg{x) = / o g[x) = f{x + c) = ax + ac + b, with 
g{x) — X + c. Also consider f'{x) — a'x + b'. Define the map 

(p : A/N M*, fN ^ a. 

It is a group homomorphism since 

ipifNf'N) = viff'N) = aa' = ^{fMf), 

where the 2nd equality follows from f f'{x) = f{a'x + b') = a{a'x + 6) + 
b = aa'x + ab + b. To show that we have an isomorphism, we are left 
with 2 things to check 

• the map is a bijection (which is clear) 

• the map is well-defined, namely it does not depend on the choice 
of the coset representative /, 
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from which we conclude that 

A/N c^R*. 

Let us spend a minute to understand the interpretation of this result: 
when we look at all afiine maps, and we take the quotient by those 
of the form x + b, that means that we consider as the same all maps 
whose coefficient in x is 1 no matter what is the constant term. Thus 
if the constant term does not matter, what is left that matters is the 
coefficient in x, that we denoted by a, which is why the quotient is in 
fact isomorphic to M*! 
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Exercises for Chapter 10 

Exercise 46. • Show that the complex numbers C form a vector space 
over the reals. 

• Give a basis of C over the reals. 

• In the lecture, we saw for that we can obtain a new group, called a 
lattice, by keeping a basis of but instead considering integer linear 
combinations instead of real linear combinations. What happens for C 
if we do the same thing? (namely consider integer linear combinations). 

Solution. • A complex number is of the form a + ib, thus it can be seen 
as a vector (a, b) over the reals. We need to check that vectors form an 
abelian group, which is clear: is the identity element, (a, b) has an in- 
verse given by {—a,—b) for every vector (a, 6), addition of vectors gives 
a vector, so closure is satisfied, as is associativity. The other properties 
for scalars are also clearly satisfied: distributivity of scalar multiplica- 
tion with respect to vector and field (here the reals) addition, respect 
of scalar multiplication and identity element of scalar multiplication. 

• We can write C = {a + ib, a, 6 G M} = {(a, 6), a, 6 e M} = {a(l, 0) + 
6(0, 1), a, 6 e M}. A natural basis is {(0, 1), (1, 0)}. 

• By keeping the natural basis {(0, 1), (1, 0)} we obtain the set 

{a + ib, a,b G "Z} 

which is usually denoted by Z[i]. It is also an abelian group, it is 
isomorphic to Z^! 

Exercise 47. Consider the set M.2(^) of 2 x 2 matrices with real coefficients. 

1. Show that M.2(^) forms a vector space over the reals. 

2. Deduce that it has an abelian group structure. 

3. Give a basis of M.2(^) over the reals. 

4. What happens for A42(M) if we keep a basis over the reals and consider 
only integer linear combinations instead of real linear combinations? 
Do we also get a new group? If so, describe the group obtained. 
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Solution. 1. Matrices correpond to the vectors, we have to show they form 
an abehan group. The sum of two matrices is again a matrix (closure is 
satisfied), associativity holds. The identity element is the zero matrix. 
Let M e M.2(^): then —M is its inverse. The other properties for 
scalars are also clearly satisfied. 

2. Once we have a vector space, we know that the vectors form an abelian 
group (here we actually showed the abelian group structure above). 

3. A natural basis is the matrices Eij, i,j = 1,2, where Eij denotes a 
matrix with zero everywhere but in the ith row, jth column, where 
there is a 1. 



4. By keeping the natural basis En. E12, E21, E22, we get the set of ma- 
trices A^2(^)- It is also an abelian group. 
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Exercises for Chapter 12 

Exercise 48. Lagrange Theorem is likely to be the most important theorem 
of group theory, so let us revise it! Here is a bit of theory first: 

• Can you remember what it states? 

• The proof of Lagrange Theorem relies on a counting argument, based 

on the fact that coscts partition the group. Can you remember what 
cosets partition the group mean? If so, can you rederive the counting 
argument that proves Lagrange Theorem? 

Now some more practice on how to use Lagrange Theorem! 

• How many groups of order 5 do we have (up to isomorphism)? 

• Consider the group of permutations S5. Does 5*5 contain a permutation 
of order 7? 

• Suppose there exists an abelian group G of order 12 which contains a 

subgroup H of order 4. Show that the set of cosets of H forms a group. 
What is the order of G/ HI Deduce what group G/H is. 

Solution. • It states that [G : H]\H\ = \G\ where H is a subgroup of the 
group G, and [G : H] denotes the number of cosets of H. 

• Cosets partition the group mean that the union of cosets if the whole 
group, but the intersection of two cosets is either the whole coset or 
empty. Thus when we count how many elements we have in G, it is 
the same thing as counting how many cosets we have, times how many 
elements in each coset. 

• Only L If the order is a prime, we know from Lagrange that the group 
has to be cyclic, thus up to isomorphism there is only the cyclic group 
of order 5. 

• No, if there were, then 7 should divide |S'5| by Lagrange, but IS^] = 5! 
which is not divisible by 7. 

• The set of cosets always forms a group when G is abelian! The order 
of \G/H\ is iCl/li^l by Lagrange, which is 3, thus G/H is the cyclic 
group of order 3. 
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Exercise 49. At the beginning of the class, we started by studying structure 
of geometric figures. We have seen shapes, and been asked what is their group 
of symmetries. 

• Can you remember some of the shapes we studied, and what is the 
corresponding group of symmetries? 

• Do you remember what are all the possible groups arising as symmetries 
of planar shapes? 

• Let us do the reverse exercise: think of a symmetry group, and try to 
draw a figure that has this symmetry group. 

Solution. • For example, the rectangle with the Klein group, or the square 
with the dihedral group D4^. 

• This is Leonardo Theorem: cyclic and dihedral groups. 

• Hmm, that's thougher to give a solution to that! 
Exercise 50. Let us remind a few things about permutations. 

• What is the formal definition of a permutation? 

• What is the parity of a permutation? 

• Consider the permutation a that maps: 

1^2,2^1,3^5,4^3,5^6,6^4,7^7. 
Compute its parity. 

• We have studied that the group of symmetries of a planar shape can 
be seen as a group of permutations. Do you remember how that works 
(either in general or on an example?) 

Solution. • It is a bijection. 

• Write the permutation as a product of transpositions, count how many 
there are, and compute (-1) to the power the number of transpositions. 

• This permutation can be written (12) (3564) or for example (12) (34) (36) (35) 
(there are many ways of writing it) so its parity is (—1)"^ = 1. 
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• We take the Cayley table of the group, and rewrite every row of the 
table as a permutation. 

Exercise 51. Let us remember that planar isometries are either of type I: 
H(z) — az + \a\ = 1 or of type II: H{z) — az + \a\ — 1. 

• Show that the isometries of type I form a subgroup H of the group G 
of planar isometries. 

• Show that G/H is a quotient group of order two. 

Solution. • (1) We need to check that the closure property is satisfied: 
take Hi{z) = a-yz + \ai\ = 1, H2{z) = q.2Z + (32, |«2| = 1, then 

Hi{H2{z)) = Hi{a2Z + 132) = ai{a2Z + ^2) + Pi 

showing that 

Hi{H2{z)) = {aia2)z + (ai/^s + Pi) 

with \a-ia2\ — 1 (and similarly for H2{Hi{z))). (2) Associativity of 
maps holds. (3) The identity map is of the right form (take /5 = and 
a = 1). (4) If H{z) ^ az + P, \a\ = 1, then H-\z) = a'^z - a'^P 
Indeed 

H-^H(z) = H-\az + p)^z + a'^p - a'^p = z. 

• In order to show that we indeed have a quotient group G/H, where G 
is the group of planar isometries and H is the group of type I planar 
isometries, we need to show that H is a normal subgroup of G, namely, 
gH = Hg for all g & G. We observe that G is partitioned into two parts: 
type I and type II. The type I planar isometrics form the subgroup H 
and the type II planar isometrics form a left cosct of H in G. Indeed, 
take any two type II planar isometries fi{z) = aiZ + Pi and f2{z) = 
a2Z + p2. We can show that fiH — f2H, or equivalently, /i o /2~^ e H: 

fi o f2\z) = h{f2\z)) -fi{=z-t) = az + P, 

OL2 (X2 

where a and P can be computed to confirm that |a| = 1, verifying 
/i ° /2~^ e i?. A similar argument will give that the type II planar 
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isometries form a right coset of H in G. Now we have obtained two 
partitions of G: G = H[JfH and G = H[jHf, where / is a type 
II planar isometry. Since H = H, we must have fH = Hf. We have 
shown that H is normal in G. (Note: this also shows that subgroups 
of index 2 are always normal.) 

Finally, the quotient group is the cyclic group C2 because the index of 
if in G is 2 and there is only one group of order 2. 
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